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Abstract. We consider a lattice gas on the discrete ci-dimensional torus (X/NI) d with a 
generic translation invariant, finite range interaction satisfying a uniform strong mixing 
condition. The lattice gas performs a Kawasaki dynamics in the presence of a weak 
external field E/N. We show that, under diffusive rescaling, the hydrodynamic behavior 
of the lattice gas is described by a nonlinear driven diffusion equation. We then prove 
the associated dynamical large deviation principle. Under suitable assumptions on the 
external field (e.g. E constant), we finally analyze the variational problem defining the 
quasi-potential and characterize the optimal exit trajectory. From these results we deduce 
the asymptotic behavior of the stationary measures of the stochastic lattice gas, which 
are not explicitly known. In particular, when the external field E is constant, we prove 
a stationary large deviation principle for the empirical density and show that the rate 
function does not depend on E . 



1. Introduction 

A classical topic in nonequilibrium statistical mechanics is the analysis of stationary 
measures (steady states) for interacting particle systems with driving fields. We here focus 
on driven diffusive systems, a typical example being the ionic conduction. As microscopic 
model we consider high temperature stochastic lattice gases with short range and translation 
invariant interaction [T4 j ri7 l fl9.28.29 . More precisely, let A be a box in Z d that we consider 
with periodic boundary conditions. Each site x G A can be either occupied or empty, the 
particle configuration is therefore described by the occupation numbers r) x £ {0, 1}, ieA. 
Consider a translation invariant Gibbs measure fi\ with short range interactions on the 
configuration space il\ — {0, 1} A and let Ha be the corresponding Hamiltonian so that 
A*a(??) oc exp{— {"*])}■ Note we included the temperature in the definition of H A . The 
(symmetric) Kawasaki dynamics is then defined as a Markov chain on Q\ in which the 
allowed transitions are the exchanges of the occupation numbers between nearest neighbor 
sites. The jump rate c x associated to the bond {x, y} satisfies the detailed balance condition 
with respect to the Hamiltonian H\, i.e. 

cl, v (v x ' y ) = c° x Jv) exp {V*, v Ha(<0)} , (1.1) 

where rj x,y is the configuration obtained from rj by exchanging the occupation numbers in x 
and y and V x ^H A (rf) = H A (r] x < y ) - H A (i]). 

We regard the symmetric Kawasaki dynamics as the reference system and model the 
effect of a driving field E by replacing the reference rates c° with the (asymmetric) rates c E 
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satisfying the local detailed balance condition. In the case of a constant driving field E this 
condition reads 

c^ v (v x ' v ) = cf» exp {W x , y ( V )} , W XiV (rj) = V x , y H A ( V ) + ( Vy - Vx ) E ■ (y - x) , (1.2) 

where • is the inner product in R d . Observe that W x ^ y is the total work done in the exchange 
of f] x and rjy. When the driving field E is not constant, the right hand side of the second 
equation in (|1.2p has to be properly modified. We remark that, in view of the periodic 
boundary conditions, a non vanishing constant field is not conservative and therefore (jl.2l) 
does not lead to a Gibbsian form of the invariant measures. We assume that the rates c E 
are strictly positive. 

The total number of particles N\ = XLeA Vx is conserved by the Kawasaki dynamics. In 
view of the strict positivity of the transition rates, for each integer K = 0, . . . , |A| the chain 
is irreducible on the subset Qa,k of the configuration space with K particles. Therefore, 
on CIa,k there exists a unique invariant measure that we denote by v^x- If E = 0, by 
the detailed balance condition (jl.ll) . v A K is the canonical measure corresponding to the 
Hamiltonian H\, i.e. it is the measure fi\ conditioned to {./Va = K}. For non vanishing 
driving fields E a main issue is to understand the behavior of the measure v® K in the 
thermodynamic limit A /• Z d , K — > oo with K/\A\ — > p e [0, 1]. About this problem there 
are only few rigorous results and not much is known. In the case of constant driving field, 
there are however some quite interesting conjectures that we next briefly recall. 

Let t x : fl\ — > f^A be the translation by £, the symmetric rates c° satisfy the gradient 
condition if for each bond {x, y} 

c x ,y(r))(nx - Vy) = h( T xV) ~ K T yV) , (1-3) 

for some local function h : 51a — > K- As shown in [19], if the symmetric rates c° satisfy the 
gradient condition, then K does not depend on the driving field and therefore coincides 
with the canonical Gibbs measure associated to the Hamiltonian H A . In the case of the 
exclusion process, for which H\ = 0, the previous statement corresponds to the fact that the 
uniform measure on 17a, k is reversible in the symmetric case and invariant in the asymmetric 
one. On the other hand, the gradient condition is quite restrictive [29l § II. 2. 4] and the 
generic picture is believed to be qualitatively different. In particular, as conjectured in |17j 
and [29l § II. 1.4], for non gradient models the following behavior is expected, recall we are 
only concerned with the high temperature regime: 

(i) for each density p £ [0, 1] there exists a unique translation invariant thermodynamic 

limit of the sequence {v® K } that we denote by v?; 
(ii) in dimension d = 1 the measure v? has exponentially decaying correlations; 
(Hi) in dimension d > 2 the pair correlation of vS decays as a power law. 

As far as we know, there are no clear expectations whether the measure i/J? is Gibbsian or 
not, see however the result in pQ. 

We here analyze the asymptotic behavior of the sequence {v^ K } in a scaling limit set- 
ting. Given the d-dimensional torus T d = M. d /Z d (which we regard as the macroscopic 
domain) and a scaling parameter N, we take as microscopic domain the box in Z d with side 
length N and periodic boundary conditions that we denote by Tjy. In view of the natural 
embedding x h- > x/N, the set can be regarded as a discrete approximation of T d . We 
then fix a macroscopic field E on T d and let Em = E/N be its microscopic counterpart. 
In this setting, the corresponding Kawasaki dynamics is called weakly asymmetric. To each 
configuration r\ G 51 T d we associate the piecewise constant function tt n (n) on T d which is 
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equal to r\ x on the cube x/N + [0,1/N) d , x € Tfj. The map ir N from Q T d to the set of 
functions on T d is called empirical density. Given p £ [0, 1] and a sequence {Kn} such that 
KN/N d — > p, we let Pjy be the law of the empirical density when the configuration -q is 
sampled according to v^™ Kn namely, P® — v^f K ^ o (t: n )~~ 1 . The original question is then 

formulated in terms of the asymptotic behavior of the sequence {P§} as N —> oo. In this 
paper, we describe this behavior by proving the corresponding large deviation principle. In 
the case of constant driving field the rate functional can be directly expressed in terms of 
the thermodynamic free energy of the reference system. In particular, it does not depend on 
the driving field and coincides with the one associated to the sequence of canonical Gibbs 
measures {z/° d Kn \- This result shows that, as far as stationary large deviations of the 
empirical density are concerned, weakly asymmetric non gradient stochastic lattice gases 
behave as gradient models. We obtain an explicit formula for the rate function also for 
non constant driving field provided a suitable orthogonality condition holds. We emphasize 
that the choice of the periodic boundary conditions is crucial for the above result. Indeed, 
as shown in P1I71I51H5] ■ for one-dimensional (gradient) weakly asymmetric boundary driven 
stochastic lattice gases the presence of a driving field, even in the weakly asymmetric regime, 
does effect the stationary rate function. 

The basic strategy of the proof follows the dynamical/ variational approach introduced 
in [5]. This amounts to analyze first the dynamical behavior of the weakly asymmetric 
Kawasaki process in a fixed macroscopic time interval. The dynamical law of large numbers 
for the empirical density is called the hydrodynamic scaling limit and it is described as 
follows. If at time t = the empirical density converges to some function 7 : T d — > [0, 1], 
then at later time it converges to the solution u = Ut(r), (t, r) £ M.+ x T d of the nonlinear 
driven diffusion equation 

d t u + V ■ [a(u) E] = V • [D(u) Vit] (1.4) 

with initial datum uq = 7. In the above equation the diffusion coefficient D and the mobility 
a are d x d matrices which are characterized in terms of the symmetric dynamics. The proof 
of the hydrodynamic limit extends the one given in [33 for E — 0. Given p £ [0, 1] we 
denote by 7^ : T d — > [0, 1] the stationary solution to (|1.4[) with total mass equal to p and 
observe that for constant E we simply have 7^ = p. Of course, as N —> 00 the sequence 
{P§} weakly converges to the Dirac measure concentrated in 7^. 

The next step is to prove the dynamical large deviation principle associated to the hy- 
drodynamic limit, that is to compute the asymptotic probability that the empirical density 
follows some trajectory different from the solution to (|1.4I) . For gradient stochastic lattice 
gases this has been proven for several models, see e.g. 20,21 . For non gradient models, the 
proof of the dynamical large deviation principle is technically much more involved and it 
has been achieved in [25] for one-dimensional Ginzburg-Landau models, see also 26 . The 
basic approach to prove such a large deviation principle is the one lied down in [31 which 
requires to construct a suitable perturbation of the original measure. For gradient lattice 
gases this perturbation is obtained by modifying the driving field in such a way that the 
fluctuation becomes the typical behavior. In the non gradient case this is not enough and 
an additional nonlocal correction is needed |25j . Since our model is not restricted to one 
dimension and its invariant measures are not product, we have new technical issues with 
respect to the case studied in [3S]. The conclusion is that the law of the empirical density 
in the macroscopic time interval [Ti , T 2 ] satisfies a large deviation principle with some rate 
function IB, T A-\j), here 7 : T d — > [0, 1] is the macroscopic density a time Ti. 



4 



L. BERTINI, A. FAGGIONATO, AND D. GABRIELLI 



The final step is the analysis of the quasi-potential |16j associated to the dynamical 
rate function 1^ T J-\j). Given p E [0,1], this is the functional on the set of functions 

p : T d -> [0, 1] defined by 
Vf(p) = inf inf {lf_ T 0] (7T| 7 p) , tt : [-T, 0]xT^ [0, 1] such that tt_ t = lp , tt q = p} . 

In particular, V-'(p) is the minimal cost to produce the fluctuation p starting from the 
stationary solution 7^. In view of the conservation of the total number of particles, Vp(p) 
is finite only if the total mass of p is p. As proven in [16] for diffusion processes on W 1 and 
in [TUJQj)] in the present case of stochastic lattice gases, the quasi-potential Vp is the large 
deviations rate function of the sequence {P§}. 

We here show that the quasi-potential can be expressed in terms of the thermodynamic 
free energy associated to the Hamiltonian Ha and characterize explicitly the optimal path 
realizing a given fluctuation. The key observation is the following. Let x(p) be the compress- 
ibility of the system, this is a thermodynamic quantity which coincides with the reciprocal of 
the second derivative of the free energy. Then the transport coefficients in the hydrodynamic 
equation (|1.4j) satisfy the Einstein relationship a(p) = D(p)x(p) [22 § II. 2. 5]; observe that 
while D and a are matrices, x is a scalar. The Einstein relationship implies that the vector 
field describing the flow given by the hydrodynamic equation (jl.4[) admits an orthogonal 
decomposition with respect to the metric associated to the dynamical large deviation rate 
function. The characterization of the quasi-potential is then achieved by using an argument 
analogous to the one for diffusion processes in R™, see [16j Thm. 4.3.1]. 

2. The model 

In this section we fix the notation, recall some basic concepts about Gibbs measures, and 
define the weakly asymmetric Kawasaki dynamics. 

2.1. The lattice and the configuration space. On M. d and on the d-dimensional cubic 
lattice Z rf we consider the norm \x\ := |a;|oo = niaxj=i,...,ii \ x i\> we denote by (/(•,•) the 
associated distance. The diameter of a set V C Z d with respect to d(-, •) is denoted by 
diam(V r ). Given £ > and x E Z d , we set A x< £ = {y E Z d : \y — x\ < £} and write simply A? 
if x = 0. The canonical basis, both in Z d and in M. d , is denoted by ex, . . . , e<j- If A is a finite 
subset of Z d we write A CC Z d and denote by |A| the cardinality of A. The collection of all 
finite subsets of Z d is denoted by F. Given an integer N, we let IV := Z/iVZ = {0, . . . , A— 1} 
so that Tjy is the discrete d-dimensional torus of side length N. Given A G F and 4> '■ A — > M 
we let Av^gA 4>{ x ) '■= | -/V | 1 X^xeA fifa) ^ e the average of <j>. The average over is simply 
denoted by Av^. The bonds in Z d are the (unordered) pairs {x, y} with x, y € Z d such that 
y = x ± ej for some i = 1, . . . , d. The collection of all bonds in Z d is denoted by B. Given 
A c Z we let B A := {b E B : b C A} be the collection of bonds in A and denote by B^r the 
collection of bonds in Tff . 

Given A C Z d the configuration space in A is the set Cl\ := {0, 1} A ; we also let il := Q Z d 
and '■= ^Tfj- For V C A C Z d and rj E the natural projection of {l\ to Fly is 
denoted by rfv', we also write rj x for i]^, x E A. A configuration rj E fl\ describes the 
microscopic state of the lattice gas: a site x E A is occupied by a particle if and only if 
■q x = 1. We consider the single spin space {0, 1} endowed with the discrete topology and Ha 
with the product topology. Given A C Z d we let J- a be the c-algebra on il generated by the 
one dimensional projections r) x , x E A. We also set J- := T%d and note it coincides with the 
Borel cr-algebra associated to the product topology. If Vx, V2 C Z d are disjoint we denote 
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by r]v 1 T)V2 the configuration in flv 1 uv 2 equal to r]v i in Vi, i = 1,2. For V C A, V € F, the 
number of particles Nv ■ &a — > Z + is the function Nv(rj) ■— J^xev 7 !*, while the density 
fjv ■ ^a — > [0, 1] is := Av xe y7/ X . If V = A K ,£ for some x G Z d and £ G N, the density 
in K x j is simply denoted by fj x j omitting the subscript x when x = 0. The same notation 
holds when referred to the discrete torus Tfj. 

Given x G Z d , respectively x € Tjy, we define the shift t x : fl — >• O, respectively t k : 
51at — > Ojv by (T x r)) y := ryy+i;. The map is naturally lifted to functions by setting 
(t x /) (n) := f(T x n). Given i,j = l,...,d,i^=jwe denote by R 1 ^ the rotation by 7r/2 in the 
plane spanned by ej, ej, i.e. R 1 ' 3 (. . . , Xi, . . . , Xj, . . .) = (. . . , — Xj, . . . , Xi, . . .). We denote by 
72. the collection of all such rotations. Given R G 7£, the map a; >->• i?x is naturally lifted to 
configurations and functions by setting {Rn) x := 77^ and Rf{rj) := f{Rrj). Given a function 
/ : i7 — > R, its so-called support Af is the smallest subset V C Z d such that / depends on 
77 only through the projection r\y If A/ G F the function / is called iocaZ. Given a local 
function /, we let / be the formal scries 

2.2. Gibbs measures. In this paper by an interaction we mean a finite range, translation 
invariant interaction as defined below. 

Definition 2.1. An interaction $ is a collection of real valued local function |$y : il — > 
R,V G F, \V\ > 2} such that: 

(i) for each V G F with |V| > 2 the support of $y is V; 

(ii) there exists ro € N called range such that $y = if diam(V) > 7*0. 

(iii) for each V G F with |V| > 2 and ir G Z d we have t x $ v = <&v+x\ 

In some statements we also assume that the interaction is isotropic, i.e. it satisfies 

(iv) for each V G ¥ with |V| > 2 and each ReTZwc have R$ v = 

Given an interaction a parameter A € R (called chemical potential), and a set A g F, 
we define the Hamiltonian H A : il — > R by 

#a(<7):= E Ml)+AE%. ( 2 - 2 ) 

y : ynA^0 ieA 

dropping the superscript in the case A = 0. Given a g 0, called boundary condition, we 
also set H A a (rj) := H A (7]A<J A a). To the Hamiltonian and the boundary condition a we 
associate the finite volume (grand-canonical) Gibbs measure in A, defined as the probability 
measure on (O, T) given by 

Uz^y 1 cxp{- H^ a (ri)} if 77 A c = cr A c ^ ^ 

JO otherwise, 

where the constant Z A ' a , called partition function, is the proper normalization. In addition, 
the canonical Gibbs measure associated to the interaction $, boundary condition a and 
particle number K g {0, 1, ... , |A|}, is the probability measure on (SI, J 7 ) given by 

^ a .k(-):=^(-\N a = K), (2.4) 

noticing that this measure does not depend on the chemical potential A. In the case of 
periodic boundary conditions, A = Tfj, we denote the Hamiltonian, which has of course no 
boundary condition, as and by the corresponding partition function. The associated 
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grand-canonical and canonical Gibbs measures are denoted by /i^ and vn,k, respectively. 
Finally, we write hn, Hn instead of n N , H^, respectively. 

Given a probability measure [i and bounded measurable functions /, g, we denote by 
the expectation of / with respect to \i and by fJ,(f;g) '■— n[f g) — /-*(/) mG?) the covariance, 
or pair correlation, between / and g. Given a bounded measurable function / : — > R and 
a set A £ F, we denote by '(/) the real function 51 3 a i-» /i^ ,<T (/). As simple to check, 



the finite volume Gibbs measures defined in (|2.3[) satisfy the compatibility conditions 

Ma' ct (Ma'/(/)) =Ma' ct (/), V local/, VA'cAeF. 

The definition of infinite volume Gibbs measure is then given in terms of the so-called 
DLR equations as follows. 

Definition 2.2. Given A £ R, a probability measure /ion (17, F) is called an infinite volume 
Gibbs measure with chemical potential A iff 

m(ma'(/)) =Mi% V local/, V A e F . (2.5) 

The compactness of SI readily implies that the set of (infinite volume) Gibbs measure 
is not empty. The non uniqueness of solutions to the DLR equations (|2.5|) corresponds to 
phase transitions. As stated in the introduction, our analysis is restricted to the high tem- 
perature regime. This is specified by a uniform strong mixing condition on the interaction 
<i>. Referring to [T^] for the precise formulation, this condition basically requires that the 
pair correlation H^ a {f',g) between two local functions / and g decays exponentially fast 
in the distance between their supports Af and A g . This decay is required to be uniform 
with respect the volume A, the boundary condition cr, and the chemical potential A. To be 
precise, one also needs to allow chemical potentials which are not constant. As it is easy 
to show, the uniform strong mixing condition implies that for each A £ R there exists a 
unique infinite volume Gibbs measure Moreover, /i A has exponential decay of pair cor- 
relations. In the one-dimensional case d = 1, standard transfer matrix arguments show that 
the uniform strong mixing condition is always satisfied (recall that the interaction has finite 
range). For the standard Ising model in d = 2, the results in [4|[27] imply that the uniform 
strong mixing condition is satisfied for any supercritical temperature. Finally, the uniform 
strong mixing condition holds if the single site Dobrushin criterion [23j § 3.2] is satisfied 
uniformly in the chemical potential A. In particular, it holds if the interaction $ is small 
enough, that is in the high temperature regime. Throughout all this paper we assume that 
the interaction $ satisfies the uniform strong mixing condition as stated in [12] , Property 
USMT there, without further mention. 

Fix a configuration a £ fl and a sequence {A„} of sets in F invading Z d such that 
lim^oo |5+A„|/|A„| = 0, where r is the range of the interaction and d+A := {x £ A c : 
d(x, A) < ro}. A classical result in statistical mechanics, see e.g. [23l § 2.3], states that the 
pressure, p : R — > R, 

p(A) := lim — L log = Km log 

n \A n \ " N-¥oc N a 

is well defined, i.e. the limits exist (the first is also independent of a and the sequence {A n }), 
and convex. In view of the uniform strong mixing condition, see |27j and reference therein, 
the pressure p is uniformly convex and real analytic. The free energy f : [0, 1] — ¥ R is defined 
as the Legendre transform of p namely, 

f(p) :=sup {Xp-p(X), AeM} (2.6) 
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which is a continuous uniformly convex function in [0, 1] and real analytic in (0, 1). Moreover, 
as p f 1 and p | we have f'(p) t +°° an d f'(p) I —oo, respectively. Given p £ [0, 1], let 
p p := p* w be the (unique) infinite volume Gibbs measure with chemical potential /'(p). 
We understand that po and p\ are respectively the Dirac measures in the configurations 
identically equal to zero and one. From the definition of the free energy and the regularity 
of p we then have p p (jj x ) — p, so that p is the density. We also define the compressibility 
X : [0, 1] ->■ [0, oo) as 

1 

Hp) 



X(p) : = Mw/z) = 777777 (2-7) 



understanding that y(0) = x(l) = 0. By using the uniform strong mixing condition, it is 
not difficult to show the compressibility \ satisfies the following bound. There exists a real 
C £ (0, oo) such that for any p £ (0, 1) 

The free energy / gives the asymptotic probability of deviations of the density in the 
following sense. Fix p £ (0,f), recall fj v is the average number of particles in V, and let 
{A n } be a sequence invading 7L d as before. The sequence of probability measures on [0, 1] 
given by {ppO (f]A n ) } satisfies a large deviation principle, see e.g. 23, Thm. 2.4.3.1], with 
speed |A„| and convex rate function fp : [0, 1] — > [0, +oo) given by 

f-M :=m-f(p)-f'(p)(p-p). (2.9) 

The same result holds if one replaces the infinite volume Gibbs measure pp with a finite 
volume Gibbs measure, either with a fixed boundary condition a or with periodic boundary, 
on A„ with chemical potential /'(/?)■ 

2.3. Kawasaki dynamics. Having introduced the formalism of the lattice gases at equi- 
librium, we here define the dynamics we are interested in. 

Given a bond {x, y} £ B and rj £ £1, we let rf ,v be the configuration obtained from 77 by 
exchanging the occupation numbers in x and y, i.e. 

{r\y if z = x 
Vx if z = y 
r) z otherwise 

and let V x ,y be the operator defined by CV x>y f) (77) := f(r] x ' v ) — f{rj), where / : fi — > R. 
Recall that fl^ :— {0, 1} T « is the configuration space in the discrete d-dimensional torus 
of side length N. The symmetric Kawasaki dynamics is then defined by the Markov 
generator Lo,w acting on functions / : f2jv -> K as 

L Q . N f(v) := N 2 ]T < y (77)^/(77), (2.10) 

{x,y}£M N 

where we recall that Bjv is the collection of (unordered) bonds in Tjy. Note that the generator 
has been speeded up by the factor A^ 2 which corresponds to the diffusive scaling. We need 
some conditions, that are detailed below, on the jump rates c° x y , recall tq is the range of 
the interaction $. 

Definition 2.3. The symmetric jump rates c x y : ft — > R+, {x, y} £ Bjv satisfy the following 
conditions. 
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(i) Detailed balance. For any {x,y} £ Bjv and r\ £ Qn we have 

(ii) Finite range. The support of c x is a subset of {z G : d(z, {x, y}) < ro}. 

(iii) Translation invariance. For each {x, y} £ Bjv and 2 € we have T z c xy = c° +2 „_|_ z . 

(iv) Positivity and boundedness. There exists C £ (0, oo) such that for any {x,y} £ Bjv 
we have C" 1 < c^ y < C. 

In some statements we also assume that the jump rates are isotropic namely, 

(v) Rotation invariance. For each {a;, y} £ B^v and each R £ 1Z we have Rc x = c Rx R . 

Note that we consider the jump rates c x as functions on Q and not f2jy I n view of the 
finite range assumption, the generator Lo.iv is well defined on Qn as soon as N > ro. The 
detailed balance condition implies that the generator £o,w is self-adjoint in L 2 (Qn, dfj.^) 
for any A € I. Since the Kawasaki dynamics conserves the total number of particles, the 
ergodic measures for Lo,jv are the canonical Gibbs measures vn,k on T^. In 12,22,33] it is 
shown that if the interaction satisfies the uniform strong mixing condition then the spectral 
gap of the generator Lo,jv considered on L 2 (Qn,vn_k) is of order one uniformly in N and 
K (recall that io,JV has been speeded up by N 2 ). 

We next extend the previous symmetric dynamics by allowing the presence of an external 
field E of order 1/N. Let T d := M. d /Z d be the d-dimensional torus of side length one, the 
coordinate on T d is denoted by r = (r%, . . . , ra). The gradient and the divergence on T d are 
respectively denoted by V and V-. We denote by (•, •) the inner product in L 2 (T d ,dr). Let 
Bjy be the collection of ordered bonds in Tfj. Given a C 1 vector field E : T d — > M. d , we 
introduce a discrete vector field Em : Mn — > M as follows. Given (x,y) e Bjv let j xy be the 
oriented segment on T d given by y£ y (t) := (x/N) (1 - t) + (y/N) t, t £ [0, 1]. We then set 

E N (x,y) := j\tE{^ y (t)) ■ ±^ v (t) (2.11) 

where • is the inner product in M. d . Note that En(x, y) is the work done by the vector field E 
along the path 7^ y - Moreover, Eiy(y,x) = —Ejf(x,y) and if E is constant we simply have 
Ejq{x,y) = (1/N)E ■ (y — x). The weakly asymmetric Kawasaki dynamics is then defined 
by the Markov generator Le,n acting on functions / : f2jy - ► K as 

L E ,Nf(v) ■= N 2 J2 c *,y(v)V X ,ym, (2-12) 

{x,y}£K N 

where the weakly asymmetric jump rates c xy (rj) satisfy the so-called local detailed balance 
condition, see e.g. [251 § II. 1.4], 

Cxjv x ' v ) = cE y (r])exp{V x ,yH N (ri) + E N {x,y) ( Vy - r, x )} . 

Note indeed that £W(x, y) (ij y — r] x ) does not depend on the orientation of the bond (x, y) £ 
Bat. In this paper, for simplicity, we shall consider the explicit choice 

== 4,yM exp {E N (x, y) (r h - Vy )/2} (2.13) 

in which c xy are the jump rates of the symmetric Kawasaki dynamics. 

Given T > 0, we denote by D([Q, T]; fijv) the Skorohod space given by the set of cadlag 
paths from [0, T] to f2jv. We consider D([0, T]\ J7at) endowed with the Skorohod topology 
and the corresponding Borel er-algebra. Elements in D([0, T]\ VLn) are denoted by rj(t), 
t £ [0, T]. The distribution of the Markov chain on fljv with generator Le,n and initial 
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distribution v on fijv is a probability measure on D([0,T]; Qjv) which we denote by P^' N . 
In particular, F® ,N is the distribution of the symmetric Kawasaki dynamics defined by the 
generator Z/o.Af in (I2.10[) . with initial distribution v. If v = 5^ with 77 G fi^v we write simply 
P^ ,JV . The expectation with respect to F®> N is denoted by E^' N . 

If the vector field E is conservative, i.e. = — Vi7 for some C 2 function U : T d — > R, 
then En(x,d) — U(x/N) — U(y/N) and the jump rates c^ y satisfy the detailed balance 
condition with respect to the Hamiltonian 



In particular, if E is conservative, the weakly asymmetric Kawasaki dynamics is reversible 
with respect to the canonical or grand-canonical Gibbs measures on Tf? associated to the 
Hamiltonian Hj^. On the other hand, when the vector field E is not conservative then the 
weakly asymmetric Kawasaki dynamics is not reversible. If the unperturbed jump rates 
c° y satisfy the gradient condition (|1.3j) and the vector field E is constant then, see [19] 
and [29l § II. 1.4], the canonical Gibbs measures vm : k, which are the reversible measures 
for the symmetric dynamics, are also the invariant measures of the weakly asymmetric 
dynamics. This statement holds also if the field E has vanishing divergence, see [51 § 2.5] 
for the precise formulation. In the general case in which the gradient condition does not 
hold and the vector field E is not conservative, the invariant measures for the asymmetric 
dynamics cannot be computed explicitly. 



3.1. Hydrodynamic scaling limit. The hydrodynamic scaling limit of the symmetric 
Kawasaki dynamics has been proven in }33j . As here discussed, the proof extends to the 
weakly asymmetric case. 

We set M := L°°(T d ; [0, 1]) which we consider equipped with the weak* topology, namely 
a sequence {7"} C M converges to 7 iff (7", 0) — » (7, </>) for any function G L 1 (T d ,dr), 
equivalently for any smooth function <fi G C°°(T d ), recall (•,•) is the inner product in 
L 2 (T d ,dr). The set M is a compact Polish space that we consider endowed with the cor- 
responding Borel er-algebra. Given N > 1 and x G T^, let Qi/n(x/N) C T d be the set 
Qi/n(x/N) :— x/N + [0, 1/N) d . The empirical density is the map ir N : ft^ — > M defined by 



where stands for the indicator function of the set A. 

We say that a sequence {r] N £ £In} is associated to the profile 7 € M iff the sequence 
W N (r) N )} C M converges to 7. Given Ti < T 2 , we denote by M [Ti ,t 2 ] ■= D([T U T 2 ]; M) 
the Skorohod space of paths from [Ti, T%\ to M equipped with its Borel cr-algebra. Elements 
of D([Ti, T2]; M) will be denoted by 7r = 7r t (r). Note that the evaluation map A^[t 1 ,t 2 1 9 
7r 1 — y lit G Af is not continuous for t € (T\, T2) but it is continuous for t = T\, T%. We denote 
by tt n also the map from D([Tx, T 2 ]; Sl N ) to M [Tl: T 2 ] defined by [TT N (v)] t ■= K N (v(t)). 

Recall that \x p is the unique infinite volume Gibbs measure with density p and the formal 
series defined in (|2.ip . Given p G [0, 1], the mobility a(p) is defined as the symmetric d x d 
matrix given by the following variational formula [3"2"ll3"3"] 




(2.14) 



3. Main results 




(3.1) 




(3.2) 
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where v £ M. d and the infimum is carried out over all local functions / : fi — > K. Since / is 
local, Vo.ej/ is well defined as only finitely many terms in the sum do not vanish. As shown 
in |331 Lemma 8.3], if the interaction and the symmetric jump rates are isotropic then the 
mobility is a multiple of the identity. Namely, there exists a scalar function, still denoted 
by a, such that o'ij(p) — a(p)Sij, i,j = l,...,d- 

Let : [0, 1] -> M + , i = 1, . . . , d be the function xP>{p) := /x p ([r?o - ?7eJ 2 )- As it is 
simple to check, the functions x^ 1 satisfy the following bound. There exists C € (0, oo) such 
that for any i = 1, . . . , d and p £ (0, 1) 

1 x^(o) 

The mobility a satisfies the following bounds. There exists a real C > such that for any 
p £ [0, 1] and any v £ R d 

d d 

C- 1 (P) vf<v *(p)v <CJ2 ^ (P) «? ■ (3.4) 

i=l i=l 

Indeed, the upper bound follows directly from the variational expression Q3.2[) by taking 
/ = 0, while the lower bound is proven in |30j . 

Given p £ [0, 1], the diffusion matrix D(p) is defined as the symmetric dx d matrix given 

by 

D(p):=a(p)^- = a(p)f"(p), (3.5) 

x{p) 

where the free energy / has been defined in (|2.6p and the compressibility \ (which is a 
scalar) has been defined in (|2.7[) . Note that, by (|2.8[) , (|3.3I) . and (|3.4[) . the diffusion matrix 
Z? is bounded and strictly positive uniformly for p £ [0, 1]. As follows from [33] and the 
arguments in [20l Ch. 7], the maps [0, 1] 3 p— > a{p) and (0, 1) 3 p — > D(p) are continuous. 
In our analysis we however need the smoothness of these maps on the interval [0, 1]. In the 
case in which the Gibbs measure is product, i.e. the interaction vanishes, this result is proven 
in [3]. The general case remains however a long standing open problem in hydrodynamic 
limits. 

Assumption 3.1. The maps [0, 1] 3 p M> a(p) and [0, 1] 3 p n- D(p) are continuously 
differentiable. 

The hydrodynamic scaling limit for the weakly asymmetric Kawasaki dynamics is stated 
as follows. Given a sequence {-q N £ Vt N }, we set V^ N '■= W^js* ° ( 7tN )~ 1 , i- e - is the 

law of the empirical density when rj(t), t £ [0, T] is sampled according to W E jf* . Then 
is a probability measure on the path space M. \q,t\ ■ 

Theorem 3.2. Fix T > 0, a vector field E £ C^T^R**), a profile 7 £ M, and a se- 
quence {t] N £ flpf} associated to 7. The sequence of probability measures {V^n^} on A4[o : t] 
converges weakly to S u where u = u t (r) is the unique element of M^q t] satisfying the two 
following conditions. 

(i) Energy estimate. The weak gradient of u belongs to L 2 ([0,T] x T d , dtdr;R d ), i.e. 

T 

dt{Vu t ,Vu t ) < +00. (3.6) 
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(ii) Hydrodynamic equation. The function u is a weak solution to 

{d t u + V- [a(u)E] =V- [D(u)Vu] (t, r) G (0, T) x T l , 

\uo(r) = 7(r) r G T d . 1 ' ' 

Of course, a function it in M.m,T] satisfying the energy estimate (|3.6j) is said to be a weak 
solution to (|3.7j) iff the identity 

(u T , H T ) - (7, H ) = [ dt \(u t , d t H t ) + (o-(u t )E - D(u t )Vu t , Vi2" t )l (3.8) 

holds for any H = H t (r) G C 1 ([0,T] x T d ). We emphasize that the above condition is 
meaningful in view of the energy estimate. Since we assumed E to be a C 1 vector field, the 
uniqueness of a function u G M.\o,t] satisfying the two conditions stated in the theorem can 
be proven by repeating the argument in }33j . We emphasize uniqueness holds either if a is 
Lipschitz, recall Assumption 13 . 1 1 or if a is a multiple of the identity and continuous. 

3.2. Dynamical large deviation principle. In order to state the large deviation principle 
associated to the law of large numbers in Theorem l3.2[ we first introduce the rate functional. 
Fix a function 7 G M corresponding to the initial density profile. Given ir G M [o,t] satisfying 
the energy estimate, i.e. such that (I3.6[) holds with u replaced by n, let £ 1<7I be the linear 
functional on ^([O.T] X T d ) defined by 

1^{H) := (ttt, H t ) - (7, Hq) - f dt f<7r t , d t H t ) + {a{-K t )E - Z?(vr t )V7r t , VH t )} . (3.9) 



Note that £ 7i7r vanishes iff ir is a weak solution to the hydrodynamic equation (|3.7[) . The 
rate functional -^fo r] (' It) • -^[o.t] — > [0, +00] is then defined by 

/g.r,W7):=n P { VW_ r* <VFt ' ff(,rt)Vfft> } if /^^' V ^)-- (3.10) 



< +00 

otherwise 



where the supremum is carried over all H G ^([O,! 1 ] x T d ). It is not difficult to check, by 
choosing suitable test functions H above, that Jp r i (ttIt) < +°° implies 7r G C([0,T];M) 
and 7To = 7. 

An application of Riesz's representation lemma allows to write the rate function I^ T -i(-\j) 
in a more explicit form [201 Lemma 10.5.3]. For this purpose, we introduce some Hilbert 
spaces. Given a path ir G M[o.t], let T-L 1 (a(n)) be the Hilbert space obtained by quotienting 
and completing C 1 ([0,T] x T d ) with respect to the pre-inner product defined by 

r T 



/ dt(VG t ,a(7Tt)VHt) 
Jo 



Denote the norm in ^ 1 (<r(7r)) by || • ||i )<r r w ) and let T~L 1 (cr(7r)) be the dual space. The latter 
is a Hilbert space equipped with the norm || • || i.cr(-7r) defined by 

\\p\W a{7T) := sup p(H) 2 = sup {2p(H)-\\Hf 1M A. 

Hen 1 (<r(7r)): He-HHa(Tr)) ^ '> 

By density, in the above formula one can restrict to H G C 1 ([0,T] x T d ). 

Fix a path ir G M[o,t] such that I^ t ^(tt\^) < +00, in particular tt satisfies the energy 
estimate. Since the right hand side of (|3.10p is finite, the linear functional ^ 7l7r , as defined 
in p.9[) . extends univocally to a continuous linear functional on 'H 1 (a(u)), that we still 
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denote by £ 7)7r . From ()3.10p we deduce H^ttII 2 ^ = 4 T j(7r|7). Therefore, by Riesz's 
representation lemma, there exists a unique ^-y^ G H 1 (<r(7r)) such that 

t riir (H)=2({% iV ,H)) lttrWl for any H G % 1 {a(u)) , (3.11) 

thus leading to the identity ||^ 7 ,7r||-i,a-(-7r) = 2|| v f , 7 . 7 r||i. (T ( 7r ). In conclusion, it holds 

i^tMi) = 11-MlLw = \ \K4-x Mv) ■ ( 3 - 12 ) 



In view of (|3.11[) , tt is a weak solution to 

fa t 7r + V- [ ( r( 7 r)(£ + 2W 7 , 7r )] =V - [D(tt)Vtt] (t,r) € (0,T) xT d , 
\7r (r)=7(r) r e T d , 

so that 2V v I / 7!7r can be interpreted as the extra driving held to produce the fluctuation tt 



(3.13) 



Theorem 3.3. Fix T > 0, a vector field E e C 1 (T d ;R d ), a profile 7 G M, and a sequence 
{r] N E Qn} associated to 7. The sequence of probability measures {T j ^n N } on A4[o,t] sa t~ 
isfies a large deviation principle with speed N d and good rate function IB j,,(-|7). Namely, 
^fOTl('lT) : -^[o.t] [0, +00] has compact level sets and for each closed set C C M[q,t] an d 
each open set O C Atmr] 



lim SU pllogP E /(C) < -inf^ T] H 7 ), (3.14) 

1 



^T^ 108 ^^) ^ -^^T](-l7). (3.15) 

3.3. The quasi-potential. From now on we assume that the driving held E admits the 
following orthogonal decomposition. 

Definition 3.4. The vector held E G C 1 (T d ;K d ) is orthogonally decomposable iff it admits 
the following decomposition. There exists a function U G C 2 (T d ) and a vector held E G 
C^T*;!^) such that 

E=-VU + E, V-E = 0, VU{r)-E(r) = VreT rf . (3.16) 

Given a C 1 vector held iS, the hrst two requirements in the above definition are met by 
letting U be a solution to the Poisson equation — AU = V • E and then setting E — E + VU . 
Then ()3.16[) requires that for each r G T d we have VU{r) ■ E(r) = 0. Observe that a 
conservative or divergenceless vector held is orthogonally decomposable; indeed in hrst case 
f|3. 16|) holds with E — 0, while in the second case (|3.16j) holds with a constant U and E = E. 
In the one-dimensional case d = 1, a vector field is orthogonally decomposable either if it 
is constant or if it is conservative. On the other hand, when d > 2 there exist orthogonally 
decomposable vector fields for which the decomposition (|3.16p is not trivial. Although U is 
univocally determined by (j3. 16[) apart an additive constant, all the [/-dependent definitions 
given below are not affected by the choice of the additive constant. In the sequel, we shall 
restrict to either one of the three following cases: (i) E is a conservative vector field, (ii) E is 
a constant vector field, (hi) the mobility a is a multiple of the identity and E is orthogonally 
decomposable. As stated above, if the interaction $ and the symmetric jump rates c° are 
isotropic, then a is indeed a multiple of the identity. 

Recall the definition of the free energy / given in (12.6[) . Given an orthogonally decom- 
posable held E and p G (0, 1), let 7^ : T d — > (0, 1) be the function satisfying 

f'(7p(r))+U(r)=a(p) (3.17) 
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where a(p) G K is chosen so that Jdrjp(r) = p. Equivalently, 7^ is defined as 7p(r) = 
(—f/(r)+c), where the constant c is chosen such that Jdrjp(r) = p. By the properties 
of the free energy mentioned just after (|2.6|) , the function 7p is well defined. When p equals 
or 1 then we define 7p as the function respectively identically equal to or 1. A simple 
computation shows that, under either condition (i), (ii), or (iii) above, for each p G [0, 1] the 
function 7p is a stationary solution of the hydrodynamic equation (|3 . T|) . Moreover, as we 
show in Section under the flow defined by the hydrodynamic equation (|3.7[) any point in 
the closed subset M(p) C M defined by 

M(p):={peM : j dr p{r) = p) , (3.18) 

converges as t — >■ +00 to the stationary solution 7^. Furthermore, this convergence is uniform 
with respect to the initial condition. 

We next define the quasi-potential as in the classical Freidlin-Wentzell theory for finite 
dimensional diffusion processes [TB]- We denote by 7^ T2 ] H7) the functional (|3.10p when the 



time window is [Ti,T 2 ]. Given p G [0, 1] we then let the quasi-potential V-f : M — > [0, 
be the functional defined by 



Vf (p) := inf inf {lf_ T>0] , tt G M { _ m : vr = p) . (3.19) 

Since /[-t.ojWt) < + 00 implies tt-t — 7, the quasi- potential Vf{p) measures the minimal 
cost to reach the profile p G M starting from the stationary solution 7^. 

We can also define the quasi-potential by considering directly paths defined on a semi- 
infinite time interval. To this end, let T ^ : •M.[t 1 ,t 3 ] ~^ [0, +00] be the functional defined 

by 

/ [Ti,^2]( 7r ) := I [T u T 2 ]( 7T \ n { T l)) ■ 

This functional can also be expressed by the variational formula (|3.10[) in which the linear 
functional £ 7j7r is replaced by 

e v (H) := (tt T2 ,H t . 2 )-(tt Ti ,H Ti )- f * dt\(ir t ,d t H t )+(a{ir t ) E-D(TT t )\7ir t , VH t )] . (3.20) 

Given p G [0, 1] we define -M(_oo,o](p) C -M(_oo,o] by 

M(-°°,o](p) := G Mf-oo.o] : jiim^^t = lp] ■ ( 3 - 21 ) 

We then let IF^ i : ^(-00,0] (p) — > [0, +00] be the lower semicontinuous functional given 
by 

I(-oofi] W := Jj? Tj0] (tt) (3.22) 

observing that the limit on the right hand side, possibly taking the value +00, exists by 
monotonicity. We finally let V® : M — > [0, +00] be the functional defined by 

Vf{p) := inf {if-^o] W , tt G M^oM ■ 7T = p}. (3.23) 

In the context of diffusion processes in R™, in view of the continuity of the quasi-potential, 
it is simple to check that the functionals defined in (|3. 191) and (|3.23[) are identical. We 
show this is also the case in the present setting in which the quasi-potential is only lower 
semicontinuous. 

Our next result states that the quasi-potential has a simple representation in terms of 
the function 7^, which does not depend on the divergenceless part E in the decomposition 
(|3.16p . Moreover, the variational problem on the right hand side of (|3.23|) has a unique 
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minimizer that can be explicitly characterized. We first introduce such optimal path. Recall 
ipngjl . Fix p e [0,1], p& M(p), and let v : [0, +oo) xT^ [0, 1] be the weak solution to 



d t v + V • [a(v) (-VU-E)] = V • [D(v)Vv] (t, r) e (0, +oo) x T d , 
vo(r) = p(r) reT 



( 3 - 24 ) 



Note the change of sign in the field E with respect to (13.7[) . Then, as we show is Section [3 
v t — > 7p as t — > +oo. Therefore, denoting by 6 the time reversal, i.e. (0v)t := f-t, it holds 
6>u e A^f-oo^i (p) so that #v is a legal test path for the variational problem (|3.23j) . 

Theorem 3.5. Assume either one of the three following conditions: 

(i) E is a conservative vector field; 

(ii) E is a constant vector field; 

(iii) the mobility a is a multiple of the identity and E is orthogonally decomposable. 

For each p £ [0, 1] we have Vp = Vp E = Jp , where the functional : M — > [0, +oo) is 
given by 

' r drfff(r,p(r)) if p £ M(p) . 

otherwise . 



Jf{p) = <J JpV ' HVJJ (3 _ 25) 



in which, recalling (|2.9I) . : T d x [0, 1] — > M+ is the function 



f u p {r,p):= du dvf"(v) = f^ (r) (p). (3.26) 

J"tis{r) Jlp(r) 

Moreover, the unique minimizer for the variational problem on the right hand side of (|3.23l) 
is the path 9v, where v is the weak solution to (|3.24p . 

Note that is a lower semicontinuous strictly convex functional which attains its mini- 
mum for p = 7p. Moreover, if E has vanishing divergence then U is constant and 7p(r) = p; 
in particular fjf(r; p) does not depend on r and coincides with fp{p), see (|2.9[) . In this case, 
we drop the dependence on U from the notation. Note however that the optimal path 9v 
depends also on the divergenceless part E in the decomposition p,16|) . As stated before, 
the previous result is an infinite dimensional analogue of |16l Thm. 4.3.1]. The condition 
that a(p) is a multiple of the identity can be slightly relaxed: 

Remark 3.6. Assume o~(p) = ctq(/o)£ for some scalar function o~q : [0,1] — > [0, +oo) and 
some constant symmetric strictly positive d x d matrix S. Replace the condition (|3.16|) on 
the driving field E with the following assumption. There exists a C 2 function U : T d — >• M 
and a C 1 vector field E : T d -> U d such that E = -VU + E with VU(r) ■ T,E(r) = for 
any r £ T d and V • (EE) = 0. Then Theorem [33] still holds. 

3.4. Stationary large deviation principle. As a corollary of the large deviations anal- 
ysis of the weakly asymmetric dynamics and the characterization of the quasi-potential in 
Theorem 13.51 we deduce the asymptotic behavior of the corresponding invariant measures. 

We discuss first the case of the symmetric dynamics. As stated before, in this case 
the ergodic invariant measures are the canonical Gibbs measures vn,k- Fix a sequence 
{K N } C N such that N- d K N -> p £ [0, 1] and set P° := v N ,K N ° t^)" 1 , i.e. is the law 
of the empirical density when the configuration r\ is sampled according to vn,k n - Then the 
sequence of probability measures on M given by {P%} satisfies a large deviations principle 
with speed N d and convex rate function (recall that Tp = Fp when U is constant). 
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This result can be derived from the large deviation principle for the sequence of grand- 
canonical Gibbs measures {/in}- On the other hand, it is also a corollary of Theorem 13.51 
and Theorem 13 . 71 below. 

We now consider the weakly asymmetric dynamics with a smooth orthogonally decom- 
posable external field E. Since the total number of particles is conserved, we have a well 
defined dynamics on the hyperplanes Qn.k '■= {v € £In '■ SxeT d 7 h — K\, K = 0, ... , N d . 
It easy to check that the generator Le,n is irreducible when restricted to £In,k so that 
there exists a unique invariant measure denoted by i/S K . Fix a sequence {-Kjv} C N such 
that N- d K N 4p€ [0,1] and set P§ := Vn.k n ° {^ N )~ l - As discussed in Section O 
if E = —VU the weakly asymmetric Kawasaki dynamics is reversible with respect to the 
Gibbs measures on corresponding to the Hamiltonian H 1 ^ defined in (|2.14l) . Accordingly, 
the sequence of probability measures {P§} on M satisfies a large deviation principle with 
convex rate function as defined in (|3.25p . Also this statement can be obtained as a 
corollary of Theorem 13 . 5 1 and Theorem 13 . 71 below. It remains to discuss the more interesting 
case in which either the vector E is constant or a is a multiple of the identity and E is 
orthogonally decomposable with some non-trivial E. We emphasize that in this case the 
invariant measures K cannot be computed explicitly. The following result, which states 
that the quasi-potential Vp gives the rate function of the empirical density when parti- 
cles are distributed according to i/jy Kn , is proven in [10] for the one-dimensional boundary 
driven symmetric simple exclusion process. See also |15j . where this statement is proven in 
greater generality, for more details. The basic argument is analogous to the one for diffu- 
sions on K™, see [THl Thm. 4.4.3]. In view of the dynamical large deviation principle stated 
in Theorem l3.3l and the uniform convergence of the hydrodynamic equation (|3.7p proven in 
Theorem 1 7 . 71 below . the arguments presented in [TUHH] extend to the current setting of non 
gradient weakly asymmetric stochastic lattice gases with periodic boundary conditions. We 
therefore only state precisely the result. 

Theorem 3.7. Fix a vector field E 6 C 1 (T d ;M. d ) satisfying either one of the conditions in 
Theorem \3.5\ and a sequence {-Kjv} C N such that N^ d K^ — > p € [0,1]. Then, the sequence 
of probability measures {P§} on the compact space M satisfies a large deviation principle 
with speed N d and rate function Vp : M — > [0, +oo] as defined in (|3.19p . Namely, for each 
closed set C C M and each open set O C M, 

hm sup log P§(C) < -infVf( 7 ), 

liminf-^ log P%{0) > -infVf( 7 ). 

The above result, together with Theorem l3.51 describes explicitly the large deviations be- 
havior of the sequence {P§} in the scaling limit N — > oo. In particular, as discussed before, 
it implies that, as far as stationary large deviations of the empirical density are concerned, 
weakly asymmetric non gradient stochastic lattice gases behave as gradient models. 

4. NON GRADIENT TOOLS 

In this section we collect some technical results which will be used in the proof both of 
the hydrodynamic limit and of the dynamical large deviation principle. 

4.1. Additional notation. For the reader's convenience, we fix here some additional nota- 
tion needed in the sequel. We first define some (not scaled) generators. Given a bond b G B 
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we set Lo,b := c"Vb, Le,6 '■= cf V&. Moreover, given A C Z d , we define Lo,A := J2beR A ^0,6 
and Le,a ■— J2beK A ^E,b- Recalling (|2.10[) . for / : £In — > R we set 

L f(r 1 ):=N- 2 L 0iN f(r 1 )= ]T cg^fajV^/fa) . 
With some abuse, we denote by Lq also the operator 

d 

(v)^x,x+ef(v) 

x£l d i=l 

acting on local functions / : ft — > K. The meaning of Lq will be clear from the context. The 
same definitions hold for Le by replacing c° y with cfL. 

As in [33], given an integer I we define l\ = t— \fl and, given parameters oi, a,2, ■ ■ ■ , a n , 
such that aj — > at, i = l,...,n we shorthand limsup ctl _ ! . Ql limsup a ,_> aa ■ • • limsup a 
by limsup ai _ +Q , i a2 _ +Q , 2! ,.. j0n _). 0n - We recall that we write Av^ and ^ x instead of Av^gji 
and J2xeT d > respectively. 

Given k G (0, 1), fix a C*°° function V (k) : K d -> [0,oo) such that ?/> (k) M = if M > 1, 
^)( K )(r) = 2~ d is |r| < 1 — re and / dr ip^ (r) = 1. We write for the mollifier tpe(r) :— 
£ -<ty(")( r / £ ). Given tt G M, we then define the smooth mollified function tt"' 6 as the 
convolution 

7f K ' e (r) :=tt* Vi K) (r). (4.1) 
Finally, we isolate some classes of special functions. Recall the definition (12.41) of the 
canonical Gibbs measure. As in [33] we define the function space Q by 

Q := {/ : ft R : / is local and v^ fK {f) = V if G {0, . . . , |A/|} , cr e fi j . (4.2) 

If / € !7 then i/^ ^ (/) = for any AgF such that A D At. It is simple to check that the 
current Jo e( 7 ?) = c o e( 7 ?)( 7 ?o — Ve), where e is an element of the canonical basis, belongs to 
Q. Moreover, if g is a local function on ft then L$g G Q. 

The following class of functions will also play an important role in the sequel. 

Definition 4.1. A function g = g p (r]) = g(rj,p) : ft x [0, 1] — > M is called good iff: 

(i) g is Lipschitz in p uniformly with respect to 77, i.e. there exists C > such that for 
any p, p' G [0, 1] and i;£ 12 

\9p(v) ~ 9 P '(v)\ < C\p- p'\ ; 

(ii) g is local in r\ uniformly with respect to p, i.e. there exists a set Ao G F such that 
for any p G [0, 1] we have A 9p C A . 

Note that good functions are bounded. Working with good functions it is convenient 
to introduce the following convention. Given a good function g = g{r],p) we will add the 
superscript 1 both to generators and to gradients applied to expressions as g{T y r], fj x e ) when 
these operators act only on the first entry. For example, 

Vl, z+e g(T y r}, fj x J) = g(Ty(r) z > z+e ),fj XtJ ,) - g{r y r}, fj x t ) . (4.3) 

Given a good function g and a function m : ft — > [0, 1] we set 

g(r},m(rj)) := E 9(T x T},m(r))) . (4.4) 

In words, 5(77, m{rf)) is obtained by considering first the formal series g p as defined in (|2.1I) 
and then setting p = m(rj). 
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4.2. Spectral estimates. Recall that /zjv denotes the grand-canonical Gibbs measure on 
SIn with zero chemical potential and that denotes the law of the reversible symmetric 
Kawasaki dynamics with initial distribution fx^f. We discuss a standard method to get 
super-exponential estimates of the type 

limsup ilogP°^( J Bf)=-oo, (4.5) 

for events of the form = { | f^ds (s, r/(s))\ > 5} for some function h^f on [0, T] x fijv- 
Since e> x > < e x + e~ x and log(a + 6) < log[2(aV 6)], by the exponential Chebyshev inequality 
and the Feynman-Kac formula, see e.g. 20, App. 1, Lemma 7.2], for each 7 > we have 

1 logP^(Sf)<- 7 5+^logE^(exp{| [ T d S1 N d h%( s , v ( s ))\}) 



N d 

< -75 + 



log 2 

N d 

log 2 



1 r T 
^ ( SuP i logE°f(exp{ jf dsa^N^isMs))}) 



~ + ~~N^~ + 7 S -±i / ds SUP speCi2 (M«) { ah k(s,-) + 7 1 N 2 d L |, 

where spec L 2^ N j denotes the spectrum in L 2 (^n)- Hence, in order to get (|4.5|) it is enough 
to show that for each 7 > 

limsup f d S supspec i2(AIN) f ±/ l f(s,-)+7" 1 A r2 "%} <0. (4.6) 

A useful tool to derive the estimate (|4.6p is given by the following perturbative result 
concerning supspec i 2( l/ ){aV A + £}, where £ is an ergodic reversible Markov generator on a 
countable set E with invariant measure v, a € R, and V is a function defined on E. We 
refer to [20l App. 3, Thm. 1.1] for the proof. 

Lemma 4.2. Let gap(£, v) be the spectral gap of & in L 2 (v) and (•, ■)„ be the inner product 
in L 2 (v). If v(V) — and 2agap(£, ^) _1 || V||oo < 1, then 



< sup s P ec L ^{aV + £} < , _ ^^y^J ^ -^V), . 

Since the operator £ is not injective, we need to specify the meaning of (V, — Sr 1 V) v . 
By ergodicity, the kernel of £ is given by constant functions. In particular, / — g is a 
constant function for all f,g € £ _1 (F). Since v{V) — 0, we conclude that (V,f) u does not 
depend on the special function / € £ _1 (V) and this constant value is the precise meaning 
of (V, -£- l V) v . 

4.3. Central limit theorem variance. Given a function / £ Q, an integer I so large that 
Af C A^j (recall: £1 = £ — VI), and a canonical measure v on A^, we define Vi{f; v) as 

1/):= (2h + l) d ( Ay r„/,-L^ Ay r„/) . (4.7) 

The above _ff_i-seminorm appears from the application of Lemma l4.2l to get super-exponen- 
tial estimates of the form (|4.5I) for h£ = Av x r x f (there is no dependence on k). 

Given A e F let fC\ be the cr-algebra generated by the random variables N\ and r/ x , 
x e Z d \ A. In [33l § 8] it is proven that for any p £ [0, 1], the limit 

V p (f) := lim ix p , \v £ (f; ^(-\lC Ae ))} (4.8) 
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exists and is finite. The above limit is called central limit theorem variance and in what 
follows will be briefly denoted as CLTV. We recall below some results of [33] concerning the 
CLTV. 

On the space Q the functional V^(-) 1 / 2 defines a semi-norm and, by polarization, a pre- 
inner product < •, • > p , i.e. V p (f) =< f,f > p . The corresponding completion H p of Q/N p , 
where Af p := {/ e Q : V p (f) = 0}, is therefore an Hilbert space. In what follows, given 
a local function / G Q we will denote again by / the image of / under the projection plus 
the inclusion map Q — > Q jM p <->• H p . In general, given an element e of the canonical basis, 
V e ?7 = i] e — Vo does not belong to Q , but it is possible to show [33, pag. 656] that 

h e , s = V e r) - /J, p (V e rj\KA a ) (4.9) 

is a Cauchy sequence in % p as s f oo. As in |33) . with some abuse of notation we denote by 
V e ?? the limiting point of h e s in W p . 

We recall a table of computations in the Hilbert space T~L p . Below e, e' belong to the 
canonical basis, jo.eW = CQ e (rj)(r/o — r/ e ) is the current in the direction e, and g, h are 
generic local functions. Recall the notation introduced in (|2.1[) and (|2.7[) . 



<io,e.io,e' >P= ^^'^KeW^-^o) 2 ] , (4.10) 

<30,e, L 0g>p= ^ P [coAv)(VO-Ve)^O.eg], (4.11) 

<J0, O .Ve't»>^= -*e,e'X(p), (4-12) 

< VeV,L g > P = 0, (4.13) 

1 d 

< L g, L /i > p = 2 51 [ C <U v o,e,5 V , e ,Zi] ■ (4.14) 

i=l 



See respectively equations (8.7), (8.8), (8.13), (8.14) and the computations after (8.6) in 
[33] . We stress that the signs in (|4.11[) and (|4.12j) differ from the ones in [33 . A simple 
check of the correctness of the above statement, in the case (14.12[) . is the following. When 
the Hamiltonian is zero, the jump rates are constant and jg e — c(r/o — r) e ), c > 0. In 
particular, \? e n coincides in H p with the standard gradient and it holds < joe)^e'7 >p= 
— c < t]q — r/ e , r/o — r\ e > P , which must be negative as in (14.121) . 
Define the following linear subspaces of H p 

d 

G {0) = {Y, "iVeiVi « e K d } , LoG = {L g ,geG}. 

i=i 

As follows from [33] and the arguments in [201 Ch. 7], the closure of {Log , g local function} 
in T-L p coincides with the closure of LqQ. Moreover, T-L p admits the orthogonal decomposition 

H p = g {a) ®T^g. (4.15) 

Observe that orthogonality follows easily from (|4.13p . 

Recall the definitions (|3. 21) and (|3. 51) of the mobility cr(p) and the diffusion coefficient 
D{p). We can give a simple geometric interpretation of <r(p) and D{p) referred to the 
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Hilbert space Hp. Indeed, due to the table of computations (|4.10p - (|4.14j) . for each v G K d 

1 d 

2 [E Co,e, («i [Vei ~ Vo] + Vo.ei/j 



i=l 

( E "Wo^ ) + 2 ( E , Lof) + V p (L f) = V P ( E "tf'cU + W 



(4.16) 



Let P : Hp — > be the orthogonal projection of T~L P onto . Then, in view of (I4.16p . 
the variational formula (|3.2p simply reads 

d 

va(p)v = ^(pE^oJ- (4-17) 

»=i 

Equivalently, 

0-i.fc (P) = < Pf^ > ^JO, e* >P = < ^0, e, , Jo,« >P . *, * = 1, • • • , d • (4.18) 

By writing Pjg ei = - Y? k=1 a it k{p)V ek V, $M and gUJ) yield a lM {p) X {p) = <n,k{p)> This 
implies the key identity 

d 

Ae t = - E A,fc(p)V efe?7 + (I - P)io° >ei . ^ Hp . (4.19) 
fe=i 

In the next lemma we give some additional characterization of the entries of o~(p), which 
will be used below. We omit the proof, which easily follows from (14. 10)) and (|4.18l) . 

Lemma 4.3. For each p G [0, 1] and i, k = 1, . . . , d the following identities hold 

<n,i(p) = <io° ej .io >ei > P - <io >ei ,(l-n?uU >p> ( 4 - 2 °) 

0-i, k { P ) = - < Jo° e< , (I - P)j ,e fe >„="<(!- P)jg >e< , Jo° e k >P , (4.21) 

By definition of P, for each p 6 [0, 1] and i = 1, . . . , d there exist local functions gf 1 such 
that —Logp approximates (I — P)io e - m ^p- Moreover, it is possible to choose the family 
of approximating functions in such a way that some regularity is achieved. More precisely, 
recalling Definition 14. 1[ (14. 19)) and [331 Cor. 3.5] imply the following statement. 

Lemma 4.4. For each i = 1, . . . , d and 5 > there exists a good function gp (rj) : [0, 1] xfl — > 
K such that, setting 

d 

■■= io°, ei + E D i,*0>)Ve h V + Lo 9p l) = (I - P)io°, e< + io5« , 
k=l 

we have 

sup <<5. (4.22) 

P e[o,i] 

4.4. Super-exponential estimates. We next introduce some perturbations of the weakly 
asymmetric dynamics. Given I > 1, a function H G C 1,2 ([0,T] x T d ), and a family of good 

functions g = {</M (r),p) , i — l,...,d} we define the functions P = P^ and P = P^ ^ 
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on [0,T] x n N by 

F M ■= \Y. H ^ x +F{t,Tl), (4.23) 

X 

F ^ : = ^EE v " ff ^)» (,) (^y. ( 4 - 24 ) 

x z=l 

where the discrete gradient is defined by Vf /(r) := iV[/(r + fy/N) — f(r)] , r £ T d . 
We then consider the time-inhomogeneous Markov chain on £1^ with jump rates N 2 c^'^ ,s , 
where c®^> % is defined at time t by 



c 



E ' H ' S (V) :=c^ y ( V )e X p{F(t^y)-F(t, V )} = c^ VH ^r,)e^{F{t^)-F{t,r,)} (4.25) 



x,y vu ■ "x,y 

in which the rate c^?+" * is defined as in (12 . 13[) with the field E replaced by E + VH t . We 

let Lfj^' s be the corresponding time-inhomogeneous generator and denote by V^ H ' S ' N the 

law of the perturbed chain with initial condition rj N . We convey to write simply ¥^ H ' N and 

Lfff if g = 0. Note that in this case, in view of the last identity in (|4.25l) . the above dy- 
namics coincides with the weakly asymmetric Kawasaki dynamics with time-inhomogeneous 
external field E + VH t , 

We observe that there exists a constant C > depending only on H and the functions 
<jrW such that for any {x, y} €E Bjv it holds 

C C 
sup sup \V x<y F(t,n)\ < —, sup sup \V x<y F(t,n)\ < — . (4.26) 

0<t<Ti)£f!» J v 0<t<T?7en N JV 

Lemma 4.5. Fix E € C 1 (T d ;R d ) ; iJ € C^QC^T] x T d ), £ > 1, a family of good functions 
g and Ze£ P f^' s,N as defined above. For each p 6 [l,oo) there exists a constant Co such 
that for any N > 1, T > 0, and any sequence {r] N €57^} 



, Hlis E,H,g,N -, 

limsup-jbgE^ 

N-toc -< v 



eflt . 



0,N 



' X <C (T+1) 



Proof. By the assumptions on the interaction, see Definition 12.11 there exists a constant 
C depending only on $ such that for any rj N £ fijv we have log/ZAr(?y Ar ) > —CN d . It is 
therefore enough to prove the lemma with F°'^ replaced by P°iv . 

Given an ordered bond (x, y) G Bat, f € [0,T], and a path ry e £)([0, T]; fijv), denote by 
Aj t (t) the total number of particles that in the time interval [0, t] jumped from a; to y. Set 
also J2 y {t) := — J\f^ x (t). By standard tools in the theory of jump Markov processes, 

see e.g. [TT| § VI. 2], we can compute the Radon- Nikodym derivative as follows 



j>B,H,g,N 



E N (x, y)JSJT) + F(T, m ) - F(0, Vo ) 



N 2 f 7 dt c° x y (r}(t)) (^ e EN{x - y)[n ^ t) ^ {t)]+w ^- yF{t ^ {t)) - 



Note indeed that Ejy(x,y)J% y (T) and EN(x,y)[r} x (t) — r] y (t)] do not depend on the ori- 
entation of the bond (x,y); therefore they can be thought, as in the above expression, as 
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functions of the unoriented bond {x,y}. The previous expression yields 

-(v) 



* -in) 



jO : A 



p dF p %' pH ' s > N 

_ r/ JV 



dW 



0,N 



expjW dt J2 



e pE N { x ,y)[ nic (t)-T]y{t)]+pV x ,yF{t,Ti{t)) _ 1 _ lp ^E N {x,y)[ na: (t)-T l y{t)]+V x , y F{t,v{t)) _ l 

By using (|4.26p and the bound \E N (x,y)\ < CN^ 1 for some C > 0, see (|2.11l) . we get that 
there exists a constant C = C'(E, H, g,p) > such that 



- 1 



<c±. 

- JV 2 



The lemma readily follows. 



□ 



The following simple consequence of the previous lemma will be repeatedly used to deduce 
super-exponential estimates from those obtained in |33j . 

Remark 4.6. Consider a sequence of events {B^ } in Z)([0, T];£l N ) which have super-ex- 
ponentially small probability with respect to the stationary process Pj^, i.e. such that 

1 



In view of Lemma 14.51 an application of the Holder inequality shows that the previous 
estimate holds also for the probability F „ ' S ' N . 

As well known, key points in the proof of the hydrodynamic limit are the so-called one 
and two block estimates. By standard methods, see e.g. [2UJ Ch. 10], one can prove the one 
block estimate at a super-exponential level. The basic statement is given in the following 
lemma, in the sequel we also use, without further mention, slight variations of this result. 

Lemma 4.7 (One block estimate). For each ip £ C([0,T] x T d ), each local function h on 
fi, and each £ > it holds 



1 



limsup — ^logP- 



0,N 



dt Av Vt(f)[H T xV) 



As explained in [33] , as a byproduct of the spectral estimates in Section 14.21 and 33 



Thm. 6.2], the two blocks estimate holds in super-exponential sense with respect to 



Lemma 4.8 (Two blocks estimate). For each local function h on £1 and each £ > 0, it holds 



limsup -777 log 



l\oc, (40, N\oo 



N d 



lim sup — —7 log 

foo, alO, Nfoo N 



" UN 



dt Av Av 

X y:\y-x\<aN 



-00 , 



dt Av\h(fj x>aN (t)) - h(fj Xii )(t)\ >C 



-00 . 



As in [33l Thm. 3.9], given c > 0, i = 1, . . . , d, and a site x we define the density gradient 
in the direction ei as 

(i) f ^ Vx+cNa — Vx-cNa 



(4.27) 



x,N,c\-u- 2( , N 

In Proposition 14.91 below we collect super-exponential bounds for suitable events. Such 
events appear naturally in the proof of the hydrodynamic limit and the dynamical large 
deviation principle. To introduce these events, we first fix some notation: in the following 
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definitions ip = (ft(r) and H = Ht(r) are functions in C 1,2 ([0,T] x T d ), while g and g are 
families of good functions g = {g^ % '{ri,p), i = 1, . . . , d}, g = {g^ % \rj,p), i — 1, . . . , d}, the 
function e g has been defined in (|4.24j) , and recalling the notation (|4.1|) for the smooth 

convolution we shorthand ir N (r]) with jf N (j]) R,e . In addition, we set 

d 

Tifrrj) := iV Av£viV(#)iS jX+81 , 

8=1 

d 

T 2 (t^):=iVAv^Vf^(f) Av i° 



y: | y -x|<£r^ +e -' 



1 d 

T 4 (t,»0 := - Av^Vf^t(f )c£ i!e+et (»7) - ^ +ei ) 2 8iH t (x / 'N) , 
t=i 

d 

T B ,g(i, ??) := JV Av£ ViV(^) Cx.x+e, (»?) Ofe " V a ,x+e 4 -F^, g (t, r?) 

i=l 

1 d d 

2 8=1 j = l 

^(^) := 5 Av^^^Vf^(f )Vf ^(#) 

z i=l 3=1 

X C°, x+6i (*?) fas ~ Vx+e t ) V^ +ei 5 0) fj*,*) , 

d 

r 7 , g)4 (t,»7) := JV Av£ Vf Av L^*^W (r^, f^) , 

a: ^— ' y: \y-x \<£i 

8=1 

d 

T 8)g , g (t )? 7) := A Av^Vf ^ t (f ) Av Lf#' s g« (r y r,, fj x ,i) , 
i— l 
d 

T Q , g (t,»7) := JV Av^ Vf ^ t (f ) Av L <?« (v,, ^) , 



1 
d 

T w , s (t,v) ~ N AvJ2 Vf <Pt(§ ) , Av WW- ■ I 

j/:|y-a;|<£i 



8=1 



T u , g (t,r?) :=iV Av^VfWf ) , Av L\g^ (r v r,,fj xA 
x — » y:|y— x\<,l\ 



i=l 
d d 



T 12 {t, V ) := TV Av££v?W# ) DiA%,aN) , Av ^ fo) , 

i=l j = l 

d d _ _ _ 

A V-7./V / x \ 7-1 "\ lx+cNej,ii 'Ix-cNej/i 

= A / 2^ V * ^*(#) faz.aJv) — 

8=1 3=1 
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1 d d 

T 13 , s (t, rj) := - Av£ E V ^ <M# ) fa) fa* ~ 



2 1=1 J = l 



x [S i +9 i ff t ](f) Av V^ +e .3 W (^=^). 

y:|y-x|<^i 



ri4, g ,i(t,^) := i Av^EEEE^^^^X^fa) 



2 D i = l j = l fe = l 

xV Z!2+ej J ,,!, (T„r),y Av V* + e J {i) (T y r),fj z), 

y,\y-x\<ti 

Ti 5jg>g (t )?7 ) := 1 AvEEEEE v ^*(f )c°, +e3 . 

2 t) i=l j = l fe=l 

x V* + g (k) (t v 7], rj v i ) Av V* , + <? w (r^, ^ ^) , 

y: |y — x | <£i 

d d „ 

*=i j=i ^ 

Moreover, recalling (|4.4j) and introducing £ as variable of integration on il, we also define 



#i(t, 77) := - AvE%*(#) + [c8, ei (C)(Co ~ CeJ 2 ] , 

1 d d 

K 2 , s (t, V) ■■= 2 A /E E d ^w) [Ej + 9jH t ](f) [c° )6 . (C) (Co ~ Ce,) Vj, e .£«(C, • 
i=i 3=1 

1 d d d 

K 3 , s , k (t,ri) := - AvEEE^f ) 

i=i j=i fc=i 

d d 

K 4 , s (t, v ) := ? AvEE^(w) ^(^^[^(0 (Co-CeJVj, ei 5 W (C,M] , 



i=i j=i 



tf B (t, 17) := Av E E 9 ^*(f ) ^.fcfa^) + ^*K- 



-A' 

i=l fe=l 

In the above definitions, instead of a generic family of good functions, we will sometimes 
take the family of good functions provided by Lemma l4~4l which we denote by g[#]. In this 
case, we will add the dependence on <5 in the notation. For instance, 2g )g [5] {t, rj) denotes the 
function T 5g (t, 77) when the family g is chosen so that the bound (|4.22[) holds. 

Proposition 4.9. Let ip,H G C 1,2 ([0, T] x T d ), and Zei g, g be families of good functions. 
Then for each Q > the expressions T%, . . . , Ti6, i^i, . . . , K5 defined above satisfy the fol- 
lowing super- exponential estimates: 



1 r T 
limsup-jlogP°f ( / dt[T x -Tz]{t,r,{t)) >() 

N^oo JV v Jo ' 



-00 , (4.28) 
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limsup -LbgP^W f *[T 2 + T 11)gm +T ia ] (*,»#)) 



> CJ = -oo , 
> C) = -oo, 

>c 



lim sup -L log P°f ( / dt [T a + T 4 - K x ] (t, v (t)) 
limsup -L logP^ ( / [T 6 , g - A 4 , g ] (t, ??(*)) 

<too, Nfoo -<> Wo 

limsup -±j logPjW f dt [T 13lg - if 2)g ] (t, 
limsup -L log P°f( f di[T 15 , g , g -A' 3 , g , g ](t^(t)) >c)=-oo 

1 /" T 

limsup — l og P°f( / dt[T 5 , g -T 6<g ] (t, V (t)) >C) 
limsup -L log P°f( / eft[T 7ig , g -T 8 , g , g ] (t,^*)) 
limsup -L bg P°f( /" dt[T 9)g -T 10 , g ] 

1 f T 

limsup _logP°f( / dt[T 10 , g -T u>g ](i, >C) = 

limsup -LlogP^( f dt[T 14 ^ g -T 15 ^](t, V (tj) >C) 

too, Nfoo Wo ' 

l imsup 1 logP°^( / dt[K 3tg , g[5] +K 4lS ] (t, V (t)) 

/ dt [Kx + K 2}g[5] - K 6 ] (t,r){t)) 
Jo 



oo , 

> CJ = -oo, 
> C] = -oo , 
-oo , 



limsup ^logP°f 

54.0, ^foo,iV foo ^ v 

limsup -LfegP^W f T dt[T 12 -T 16 ](t, V (t)) 

KtO.ftoo.atO, k'4.0, etO, ctO.Aftoo -' v v Jo 



>c 



oo . 



> C = -oo. 



4.29) 
4.30) 
4.31) 
4.32) 
4.33) 
4.34) 
4.35) 
4.36) 
4.37) 
4.38) 
4.39) 
4.40) 
4.41) 



Proof. We prove the stated super-exponential bounds one after the other. We denote by C 
a generic constant, independent of the parameters we are taking the limit, whose numerical 
value can change from line to line. 
The estimate (|4.28[) . Summing by parts we get 

d 

T 1 (t, V )-T 2 (t,r 1 ) = N Av J2f X!X+ei Av [Vf ^(f ) - Vf )] • 

l—l 

The term inside the square brackets, after taking average, gives a contribution of the order 
£ 2 /N 2 . Hence Ti - T 2 is of the order i 2 /N. 

The estimate (14.29[) . This is the core of [33] and follows from [33l Thm. 3.9], the arguments 
presented in Section l4~2l and the definition of g[S] (look also at Step 3 in [33l p. 637]). 

The estimate (|4.30|) . It is an immediate consequence of the one block estimate. 

The estimate (|4.31|) . Let us define Tg g (J , if) as the expression obtained from Tg jg by replacing 
the term {T z r),fj z e ) with g^'(T z r],rj x e ). We observe that, due to the definitions of good 
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functions and of the gradient V 1 , both in Tq iS and T 6 g we can restrict the sum over z to 
the sites z such that \x — z\ < C. In view of the Lipschitz property of good functions, we 
thus have 

|36,g(t,»;)-r 8 ( 2(*,»7)|<-^j5^ J2 \vx,e - fj z , e \ < j ■ 

x z:\z-x\<C 

Using again the above sum restriction and due to the smoothness of H, in Tgg we can 
afterwards replace V^H t {z/N) with VfH t (x/N) with an error 0(1/N). Finally, we can 
remove the sum restriction over z. At the end we get 

1 d d 

T 6lg (t, V ) =l &jY,Yl V f ) V f H t(§ ) fa) Ofe - 

i=l i=l 

x V*, x+e< ^ ^(r.r?, J^) + 0(£) + 0(|) 
and ()4.3ip follows from the one block estimate. 

The estimate (|4.32[) . Recalling the definition of V 1 , we observe again that we can restrict 
the sum over z to the sum over z : \z — y\ < C. As a consequence, \z — x\ < C + l\. Hence, 
by an error of order 0(£/N), we can replace Vf ipt(x/N) with Vf ip t {z/N). We call 
the resulting expression. Let us now define T^ s as T^ g with <?W (T y r),fj Xt e) replaced by 
9^ ( T yV:Vx,aN) ■ By the Lipschitz property of good functions, we can estimate 

| T i3,g - T i3,g|(M) < C Av\fj Xt t - f) x , aN \ ■ 
By the two blocks estimate, see Lemma [478J we conclude that 

lim sup -1 In P°£ ( [ T dt[T&] s - T$ ] ( t , , (*)) rff > = -00 . (4.42) 

We next define g as T^' with (t^, f) x ,aN) replaced by (t b jj, f} z ,aN) • Since |x— z| < 
C -\- 1\, by the Lipschitz property of good functions we get 

I^i3 2) g ~ T[fj (t,ri) < CAv\fj x>aN - n z , aN \ < c ^ • 

At this point we define T$ as with the term <jrM (r y T], ^ Zja Ar) replaced by (r v r), fj z ,l) ■ 

~ l(3) ' rp(4) 



As in (|4.42p . we obtain that the event { | J Q [T x ' 3 ' — T 13 g ](t, rjt)dt| > C} has super-exponen- 

g with T$ x : 



tially small probability. In order to prove ()4.32|) we can therefore replace Ti3 ig with 



d d 

T^Jt, r,) :=- Av £ ]T V ^^(#) ^ + 9 ^K#) c L +ej fa) fa* - % +ej ) 

»=1 J=l 

y 

The thesis now follows from the one block estimate. 

The estimate (|4.33p . The proof of this bound follows by the same ideas used in the proof 
of (|4.32l) . apart the fact that now there are more indexes. Anyway, in Tis^g one can sum 
over z € Tfj, y : \y — z\ < C, x : \x — y\ < i\ and v : \v — z\ < C + 1. Then one has to use 
the two blocks estimate and, at the end, the one block estimate. 
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The estimate (|4~34)) . If 

V v+ei J (j) (r z M z i) ^ V^+e.s^^r?,^), (4.43) 

then the bond {x, x + ei} must intersect both A z j and its complement. In particular, given z 
the number of sites x leading to the inequality (|4.43[) are of order Oip 1 ^ 1 ). In addition, since 
g^\r],p) is Lipschitz in p uniformly in rj, setting w = rj x ' x+ei with {x,x + e{\ intersecting 
both A Zt £ and its complement, we get 

= |g w (r 2 w,w 2 ^) - 5 (:,) (t 2 cj,^ 2i £)| < C \uj Zi e - fj Z:l \ < C ■ 

The above observations imply that |Ts ig — Tg jg | < C/£, which trivially implies (|4.34[) . 
The estimate (|4~35j) . We define 

d 

T$(t,ri):=NAv y 5rV?<p t (%) Ay L^W M,^) , 
a j v-\v-x\<ti 

d 

T^(t,v) := ^ Av^Vf Ay L p (i) M, . 

z If:|tf-s|<<i 

By Taylor expansion of the perturbed jump rates, see (|5.8j) below together with ()4.26|) . we 
can write T7,g,g = T^g + V and T 8 . g, g — T 8 g + W, where V and W are uniformly bounded 
functions of t,r). One can then prove that ||V— VF||oo < C/i by the same arguments used 
in the proof of (|4.34[) . Finally, the event {jTI^g — Tg g | > (,} has super-exponentially small 
probability as proved in [33], between Lemma 3.8 and Theorem 3.9 there. 
The estimate (|4.36|) . In view of (|4.6j) . we only need to prove that for each 7 > 

limsup sup sup spec L2( ) {±(r 9 . g -r 10 , g )(t,?7)+7 _1 ^%} <0. (4.44) 

£t°o,ATT°° te[0,T] L J 

We point out three facts, (i) It holds N 2 ~ d Lo < c(d) Av x N 2 £~ d Lo^ :i . we in the operator 
sense, (ii) Since for self-adjoint operators W the quantity sup spec £2 ( AlJV ){W / } equals the 
supremum of (/, W f)^ N among the functions / € L 2 (p, N ) satisfying (/, /) A1JV = 1, the map 
W — > sup spec i 2( A1JV ){M /r } is subadditive, (hi) Both in Tg ig and Tio ig we can replace Lq with 
Lo,A Xi i 0f if (- large. Combining (i), (ii) and (hi) we deduce 

sup spec i2(wv) { ± (T 9 , g - T 10 , g ) + t -1 ^"^} 

r 1 ( 4 - 45 ) 

< CAvsupsupspec L 2 H ^ ± Vf ^t(f )^o,A x , lw -R(T,77) + c(d) 7 - 1 ^ 2 r d J Lo, Ax , lw [ 

where varies among all canonical Gibbs measures on A^io^ and 

R(rj) := Ay [ 5 « (7-3,77, j^) - 3 W (r^, fjt) ] . 

By the uniform strong mixing assumption on interaction, there exists a constant C > 
such that gap(L ,A x , lof ) > ^ 2 /C, see [HHHIM]. Applying Lemma EjU with £ = 
c(d)7 _1 N 2 £~ loe , using translation invariance and the expression of the Dirichlet form 

for reversible processes, we can then bound the right hand side of (I4.45[) by 

d 

Ct d sup (R,-L QMot R) u <Csnp{ Ay y"l {{ x,x+e J }cA 1M } ^[(V^+e^) 2 ] ) (4.46) 

3 = 1 
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where I denotes the indicator function. By the same arguments used in the proof of ()4.34|) . 
in (|4.46|) we can replace V x ,x+ej by V]. x+e . with an error of order 0(^~ 1 ). On the other 
hand, due to the definition of good function, there exists a constant K > such that g^'(-,p) 
has support in Ak for all p £ [0, 1]. We take t ^> K. Then, using the Lipschitz property of 
good functions, we can bound the right hand side of (|4.46[) by 



3=1 y€A ei :\y-x\<2K 



d 

0{\) 

( E h^-mlY] + °(z)- 

j/eA« i: |2/-x|<2ir 



< C Av i/ " 

xSAio* 



The proof is now concluded observing that the last bound above vanishes uniformly in v as 
i —¥ oo by the equivalence of ensembles. 

The estimates (|4.37[) and (|4.38p . The proof is similar to the proof of (I4.34[) . 
The estimate (|4.39l) . Due to (|4.14l) and (I4.11|) we can write 

d d 

K 3 , SlS[s] (t,v) = A/EE^f )d k H t (f ) < i . 9 ( fc ), Lo3 W [( 5] >p= _^ , 

i=l fe=l 
d d 

i=l 3 '=1 

Hence 

d d 

[^3 )g)g[(5 ] + #4 )g ] (t, »?) = A /E E ) < L offp fc) 'Jo e , + L Q gf[8\ > P=fUA ■ 

i=l k=l 

Due to Lemma [4T4T the orthogonal decomposition (14.15[) and the definition of the orthogonal 
projection P we can write for all p <E [0, 1] 

< Lo.g( fc) ,j ° ei + L g^[S] > p =< L o9p k \ Pj° . et > + (1) = o(l) , 

where the error term o(l) goes to zero uniformly in p G [0, 1] as (5 goes to zero. The thesis 
follows. 

The estimate (|4.40|) . Using (|4.10p . (|4.11f) and Lemma l4~4l we can write 

d 

K 1 (t,r 1 ) = Aj^2d m (§)[E i + d i H t }(§) <j ei ,j ° ei > P =^, 

i=l 

d d 

K 2 , s[s] (t, V ) = Av E E ^ + d Mw) < Jo, e, , io3^ [<S] > P =^ 

i=l 3=1 
d d 

= - A / E E ) ^ + d i H M ) < J0,e, - (I - ^)io,e 4 >P=W + "(I) • 



i=l 3 = 1 
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We apply Lemma 14.31 in order to rewrite the above terms K\, K 2iS [s] in terms of the matrix 
a. By (|4.20p and (|4.21j) respectively, we can write 

d 



i=l j:l<j<d 



where := Av x j:t 1 d m (§)[E l +d l H t }(§) < j$ e . , [I — P]jo tBi > p=fhtit . Comparing 

with Kc,(t,rf), the above identities trivially imply the thesis. 

The estimate (|4.4ip . Given x <E Tj^ and s > 0, denote by K xa the cr-algebra gener- 
ated by the observables rj y , y € Tff \ A x , s , and by fj x>s - In the proof of Theorem 3.9 



in [33j p 649], it is shown that in T\ 2 one can replace Di y j(j] x aN ) Av y . 



\y-x\<ti ^y,N,c 

with Di i j(f} x g) Av y .\ y _ x \ < £ 1 (riy +ej — rjy). We call T' X2 the resulting expression. The proof is 
based on the two blocks estimate and 33, Thm. 5.3], it needs the property that the function 



Di,j{ilx,aN) is 1C Xi an for some A (take A 



The same property holds indeed also for 



D it j(7r N (ri) K > a (x/N)) with A = (1 - n)a. In view of Assumption |3~TI it holds 

\Di,j(* N (v) K ' a (x/N)) - D id (fj x>aN )\ < Ck, 

which allows to apply the two blocks estimate as in [33l p. 650]. As a consequence, the 
expression T^ 2 \ obtained from T\ 2 by replacing Dij(fj x>a ^r) with Di_j(jt N (rj) K ' a (x/N)), is 
equivalent to T' 12 and therefore to T\ 2 : 

l-T 



limsup , 

k\.o, t\oo, 04.0, cj.o, JVfoo N 



^logP^(|/ dt[T 12 -T$](t,r,(t)) 



> C = -00. 



By replacing Vf^t with di<pt and summing by parts, we can write 

d d 



V x ,ii 



i=i j=i 



d m (f + cej) Dij (n N (r)) K ' a ( f + ce 3 )) 



d m (f - cej) Dij(jr N (r]) K ' a (§ - cej)) + (1) 



Observe that ir N (t])^ (1 belongs to C°°(T d ). Moreover, fixed a, k, we can bound its derivatives 
by a constant depending only on a, k. Hence, by Taylor expansion, 

L \d m (f + ce 3 ) D itj (iT N (rir' a (§ + cej)) - 8 m ( f - ce 3 ) D h3 (n N (^(j- - cej)) 



2c 



dj[d m D i , j (n N ( V r a )](§) 



< Cc 



where C — C(k, a) and c is the scale parameter. Up to now we have proved that T\ 2 is 
equivalent, in the super-exponential sense stated in (|4.4ip . to T^ 2 , which, by the above 
observations, is equivalent to 

d d 

T^(t, v ) =-Av£;iX* dj[d m D itj (n N (rir> a )] (f ) . 

i=l j=l 

Note that the scale parameter c does not anymore appear. By the same argument used in 
the proof of equation (|4.28l) . in T 12 we can replace the local density f) x ^ with r\ x paying 
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an error bounded by C(a, k) (£/N) 2 , and therefore negligible. We call the new expression 
T$. By the same argument used to derive (|4.28[) we can replace rj x by r\ x eN with an 
error bounded by C(a,n)£ 2 , therefore negligible. By this replacement we get T$ ■ Since 
\f] x ,eN ~ n N (r)) K '' e (x/N)\ < C(k' + 1/Ne) and the limits N t oo, k' i and e i are taken 
before the limit a | 0, by a uniform estimate we can replace fj x eN with jr N (rj) K ,£ (x/N) 
getting 

i=i j=i 

(5) 

With an error negligible as iV f oo, in T 12 we can replace the average Av^ with the integral 
over T d . By an integration by parts, the resulting expression is indeed T 16 . □ 



5. Hydrodynamic limit 

In this section we prove the hydrodynamic scaling limit for the weakly asymmetric 
Kawasaki dynamics. In order to prove the dynamical large deviation principle, we need 
a more general version of Theorem 13.21 that is stated below. Recall that F^ H ' S ' N is the law 
of the process with the perturbed rates defined in (|4.25[) and observe that by setting H = 
and g = we recover the law of the original weakly asymmetric Kawasaki dynamics 

as defined in (j2~T2"j) . 

Theorem 5.1. Fix T > 0, junctions E e C 1 (T d ;M. d ), H E C 1 ' 2 ([0,T] x T d ), a profile 
7 € M, a sequence {n N 6 f2jv} associated to 7, and a family g = {gW : 1 < i < d} of 
good functions. The sequence of probability measures {P^n H ' s ' N o (tt n ) X } n>1 on M.\Q t T] 
converges weakly to 8 U , where u is the unique element of .Mmy] satisfying the two following 
conditions. 

(i) Energy estimate. The weak gradient of u belongs to L 2 ([0,T] x T d , dt dr; R d ), i.e. 



f dt (Vk(,Vii ( ) < +00. 
Jo 

(ii) Hydrodynamic equation. The function u is a weak solution to 



(5.1) 



' d t u + V ■ [a{u) (E + VH t )] = V ■ [D(u)Vu] (t,r) G (0,T) x T d , 
uo(r) — 7(r) r e T d . 



(5.2) 

To prove this result, we first discuss the tightness of the sequence {P E ^ H ' S,N ^(vr^) -1 } N>1 
and prove the energy estimate. Since these results are also relevant for the large deviation 
principle, they will be proven at the super-exponential level. We then discuss a microscopic 
characterization of the hydrodynamic equation and conclude the proof of the hydrodynamic 
limit. 



Exponential tightness. Recall that a sequence of probability measures {P n } on a Polish space 
X is exponentially tight iff there exists a sequence {ICi} of compact subsets of X such that 

limsup — log P n (/C^) = — 00 . (5.3) 

£f 00, nfoo n 
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Lemma 5.2. Under the same hypotheses of Theorem \5.1\ for each tp £ C 2 (T d ) and each 
£ > 0, it holds 

limsup ±\ogP^ N ( sup |<*f ,<p) - (ir? ,<p)\ > c) =-oo. (5.4) 

riO, moo ' V s,te[0,T]: |s-t|<T y 

Proof. The bound (|5.4|) is proven in [33, § 4] for the reversible process ■ Therefore, by 
RemarkgH it holds also for F^ H ' S ' N . □ 



Since M is compact, by definition of the weak* topology on M and standard charac- 
terizations of compacts in the Skorohod space, the above lemma implies that the sequence 
{P B # ,8 ' o (tt n )~ 1 }n>i is exponentially tight. We also observe that, since in (I5.4[) we 
used the modulus of continuity on the set of continuous path and not the one in the Skoro- 
hod space, Lemma 15.21 also implies that any limit point of the sequence {P B A ,8 ' } N>1 is 
supported by C*([0, T\\M). 



Energy estimate. Let Q : A4[q.t] — > [0,+oo] be the functional defined by 

Q(tt) :=sup {Qf(7t), F£C 1 ([0,T] x T d ;R d )} (5.5) 
where, given F £ C x ([0,T] x T d ;R d ), 

Q f (tt):=-2 [ dt(n,V-F t )- [ dt(F t ,F t ). (5.6) 
Jo Jo 

Observe that Q is convex and lower semicontinuous. Moreover, by a standard argument, 
<2(7r) = snpp^J^dt {-K tl F t )) I J^dt(F t ,F t ). Hence, Riesz representation theorem implies 
that Q(tt) < +oo iff the weak gradient of vr belongs to L 2 ([0,T] x T d ,dtdr;R d ). If this is 
the case, we also have <2(7r) = J^dt (V7r t , Vn t ). In view of Remark |4.6[ the energy estimate 
proven in [331 § 5] implies the following bound. 

Lemma 5.3. Under the same hypotheses of Theorem \5.1\ it holds 

lim sup limsup -j-r logP\ H ' s ' N (Q F (n N ) > a) = -co. 

atoo FeC ^([() : T]xT d ;M d ) iVfoo ^ ' 

Fix a countable family {F k } C C°°([0,T] x T d ;M d ) of smooth vector fields dense in 
^([OjT] x T d ;R d ). Given n £ N and a £ K+, set 

M°'":=|ieM |0 T| : max Q Fk M < a\ , (5.7) 

^ feG{l,...,n} J 

so that M a := {n £ M[ ,t] '■ QM < a} — f] n M a,n . The following statement is then an 
immediate corollary of Lemma 15.31 

Corollary 5.4. Under the same hypotheses of Theorem \5.1l it holds 

limsup -L \og¥^ N (7T N $ M a < n ) = -co . 

a1"oo, nfco, N^oo 



LDP FOR WEAKLY ASYMMETRIC STOCHASTIC LATTICE GASES 



31 



Identification of the hydrodynamic equation. The following result will allow us to characterize 
the limit points of the sequence {Pf^' 8 ' ° ( 7rJV ) _1 }jv>i - R- Gca U the notation for the smooth 
convolution introduced in (14.11). 



Proposition 5.5. Given <p e C 1 ([0,T] x T d ) and a path tt £ M.[o,t\, set 



T 



W t (tt) := (ir T ,cp T ) ~ (ir ,ip ) - / di(7r t ,9 t ^ t ) 

Jo 

+ f dt <V^ t , a{^ a ) [E + V-fft] - D{^ a ) Wf'< £ ) . 
Jo 

Then, under the same hypotheses of Theorem \5. 1[ for each £ > it holds 

hmsup P* N H ' s ' N (\W T (n N )\>()=0. 

«4.0, c40, k'4.0, elO, Nfoc 

The proof of the above result will be based on standard martingale estimates, the super- 
exponential bounds in Proposition 14.91 the Taylor expansion of the rates 

Cxf+eM = cl tX+ei (ri) + — c° )X+e .(r?) (t) x - r? x+e J [E, + diH t }(§) ^ 
and of the currents 

= J°, x+ eM + 5^ c° x<x+ei ( V ) (r) x Vx+ei ) 2 [Ek + diH t ](§) 
+ cl, x + ei (v) (Vx - Vx+ ei )Vx,x+ ei F(t,r]) + O(^) , 
where the function F = e is the one defined in (|4.24l) . 

Proof. Given ^x>ip2 : T d — > R, set (V>i,V>2)* ■= Av x ipi(x/N)ip2(x/N) and observe that for 
any <p £ C([0, T] x T d ) it holds 

lim = 

uniformly for t e [0,T] and 7/ £ Qn- Hence, it is enough to prove the statement with (•, •) 
replaced by (•,•)*. 

By standard martingale estimates, see and recalling the definition of if^' g given 
after (|4~25)l . we get 

f*' N ( \(<k n (v(T)), VT )* - (7^(77(0)), Vo)* - f dt (K N ( V m d m % 



lim 11 ' 



Nfoo 



\Lfg*{*»(r,(t)),<pt)*\>C) 



(5.10) 



0. 



We next introduce the microscopic scale parameters £, c and the family of good functions 
provided by Lemma 14.41 which, as in the previous section, is denoted by g[S]. All approxi- 
mations below have to be understood with respect to the limits N f oo, c J, 0, e J, 0, «/ J, 0, 
a J, 0, I t oo, k j 0, and finally 5 10. We use the functions T±, . . . , T 16 and l£i, . . . , if 5 
introduced in Section [4.41 Below we frequently use Remark 14.61 without explicit mention. 

Since 

Et if** = n2 J2 fo) ~ ^ 2 E fo) , 
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summing by parts and using the Taylor expansion (|5.9[) we deduce 

d 

Lfg*{* N (v),V>t)* = N V Av Vf )3*f+l (V) = [Ti + T 3 + T 4 + T 5 , g ] (t, „) + o(l) . 



In particular, inside (|5. 10[) we can replace the last integrand by [Ti + T 3 + T 4 + TgJ (t,rj(t)). 
By ((47281) and (|4~29|) . we can replace Ti by T 2 and then T 2 by -T n>g[s] - T 12 . By (1Q0|) . we 
can replace T 3 + T 4 by i^i. By (|4.34[) and (|4.3ip . we can replace T 5)g by T 6ig and then T 6jg 
by i^4 lg . In conclusion, inside (|5.10[) we can replace the last integrand by 

[K x + X 4 , g - T u , g[5] - T 12 ] (t, 77(f)) . (5.11) 

By a standard martingale estimate, see the paragraph before Lemma 3.6 in [55] , it holds 



hmsup Pf/' g ' W ( / dtT s<Stg[s] (t,r,(t)) 



>c 



In particular, in (15. lip we can add T 8gg ^(t, i](t)). By (|4.35l) . this last expression is equiv- 
alent to T 7g , s [s](t, i](t). On the other hand, by the Taylor expansion (|5.8p we can write 

T 7,g,S[S](t,V) = i T U,g[S] + ?13,g[<5] +T 14)gig [ (5 ]](t,77) +o(l) . 

By (|4.32p . we can replace T 13 g ^ by K 2 g [s], while by (|4.38p and (|4.33p we can replace 

Tl4 ,g,g[<5] by T 15ig!g [,5] and this by i^3 jgig [5]. 

Let us stop and see where we are: up to now we have showed that inside (|5.10p we can 
replace the last integrand by 

[Kx + K 2 , g[S ] + K 3>gig[5] + K^ g - r ia ](t, •nit))) . 

Due to (|4.39p and (|4.40p . the above expression can be replaced by [K 5 — Ti 2 ](t,r](t)) . Finally, 
using the two blocks estimate in Lemma 14.81 we can replace in K§ the microscopic scale 
I with the mesoscopic one aN getting a new expression [K' 5 — T\ 2 ] (t, r/(t)) . Given ir g 
M, we define ir a (r) :— tt * ^(r) where i/j(r) := (2a)~ d I(|r| < a). Due to (|4.4ip we can 
replace Ti 2 with T\q and, using the regularity of er, we can replace J Q dt K' 5 (t,r](t)) by 
^dt{VL Ptl a{-K N {r 1 {t)) a ) [E + VH t ]). In addition, since \tt n (ri) a - ^ Ar (r/) K '' a | oo < CV, we 
can replace ir N (i]) a with n N (rf) K ' a . Comparing with the definition of Wt, this concludes 
the proof. □ 

We can now conclude the proof of the hydrodynamic limit. 

Proof of Theorem^ Set V% ■= P „ o (vr^)- 1 . As proven before, the sequence 



{T^n^} is relatively compact. We therefore only need to show that any limit point V 



equals 5 U . By taking a subsequence, we can assume that V^ H converges weakly to V 
By the continuity of Qf and Portmanteau theorem V\M. a ' n ) > limsup^Pjy' 



Corollary 15.41 then yields \im a ^ 00 V(A4 a ) = 1. Hence, V almost surely, the weak gradient 
Vtt belongs to T 2 ([0,T] x T d ,dtdr;R d ). 

We write the function Wt defined in Proposition 15.51 as WT(^ K ' a , tt k ,e ). Moreover, given 
7r G M.t satisfying the energy estimate, we let Wt(tt, 7t) be the same expression with 7r K, ° 
and 7r K ' E both replaced by n. By Schwarz inequality and the regularity of D and a, there 
exists a constant C not depending on the scale parameters such that 

\W T ^ K ' a ^ K '^) ~ Wt(tt,7t)\ < C (\\n K ' a - vr|| 2 + || - Vtt\\ 2 ) , 
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where || • || 2 is the norm in L 2 ([0,T] x T d ,dtdr). Since 1 1 7Tt 1 1 00 < 1 and V almost surely V7r 
belongs to L 2 ([0,T] x T d , dt dr; M. d ) by standard properties of convolutions we deduce that 
for each £ > 

limsup v(\W T {K K ' a ,n K '> E )- W t (tt,tt)\ > () = . 
On the other hand, Proposition 15.51 and Portmanteau theorem imply that for each £ > 







limsup V [\W T {K K < a 1 K K > £ )\ > C 

< limsup V^ H (\W T (n K ' a ,n K '^)\ > A 

The above results readily imply that the identity Wt(7t,7t) = holds V almost surely. 
Since by hypothesis the sequence {r] N } is associated to the profile 7, this amounts to say 
that 7r is V almost surely a weak solution to (|5.2p . By the uniqueness of such solution we 
conclude V = S u . □ 

6. Dynamical large deviation principle 



In this section we prove Theorem 13.31 Since the driving field E and the time T are 
here kept fixed, we drop them from most of the notation. In particular, the space M.[o,t\ 
is denoted by A4 and the rate function defined in p.lOj) by /(-|7). Recall that V E m N := 

6.1. Upper bound. We first outline the basic strategy, which is the classical Varadhan's 
one [31] for Markov processes applied to the context of interacting particle systems in the 
diffusive scaling limit 9, 20, 21, 25,26 . In view of the exponential tightness already proven, it 
is enough to show the upper bound (|3.14j) for compact sets. Moreover, Corollary 15 .41 implies 
that the probability of paths ir not satisfying the energy estimate is super-exponential small 
as N diverges; more precisely that the large deviations rate function is infinite if the weak 
gradient of ir does not belong to L 2 ([0,T] x T d , dt dr; R d ), i.e. the second line in ([3T0| . 
By constructing a suitable family of exponential martingales for the probability measures 
F E lf N , we then essentially prove that for any measurable set B in Ai and any function 
H G C^ 2 ([0,T] x T d ) 

lim sup log V E f (B) < - inf J Hj7 (tt) (6.1) 
A^oc N a 'i wee 

where, recalling (|3.9p . if tt G M satisfies the energy estimate J// j7 (7r) is given by 



(6.2) 



Jh, 1 {-k)=H 1 A H )- I dt(VH t ,a(ir t )VH t ) 
Jo 

= (ttt,H t )-{ 1 ,H }- f dt\(n t ,d t H t ) + (a(n t )[E + VH t ]-D(n t )Vn t ,VH t 
Jo L 

This is clearly the main step of the proof, the exponential martingales are constructed from 
the microscopic dynamics and are not a function of the empirical density. However, the 
super-exponential bounds proven in Proposition 14.91 imply that such exponential martin- 
gales can be approximated by functions of the empirical density with probability super- 
exponentially close to one as N diverges. In view of the variational definition (|3.10p of the 
rate function the upper bound p,14j) for compact sets then follows from (16.11) and 

by an application of a min-max lemma. As already stated, while for gradient models 
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the exponential martingales are constructed simply by changing the driving field, for non 
gradient models the correction provided by Lemma 14.41 is needed. 



Exponential martingales. Fix functions E £ C 1 (T d ;R d ), H G C? 1 - 2 ([0,T] x T d ), and a family 
of good functions g = {<?W : 1 < i < d}. Given £ > 1, recall the definition of the function 
F = Fjj e given in (|4.23|) and consider the exponential martingale £ = £^ t associated to 
the function 2F, that is 



£{t) :=exp{2F(t, ?? (t))-2F(0 ) r ? (0)) 



- / ds 



-2F( s ,r,(s)) ( 9s + L EtN )e 2F ^ s »] } . (6.3) 



By e.g. [201 App. 1.7], £(t) is indeed a mean one positive martingale with respect to the 
measure P # . We next show that, as N diverges, £ is super-exponentially close to a function 
of the empirical density. The first step, stated below, comes directly from a Taylor expansion 
of the exponential and (|5.8|l ; we therefore omit the proof. 

Lemma 6.1. Set J^ As {v) := log^ g (T), n G D([0,T];Q N ). Then 



dt 



Tr"(r)(t)),d t H t ) + Ji(t,T?(t)) + J 2 (t, »?(<)) + J 3 (t, V (t)) + R(t,r](t)) 



where, for n € Qzv> 



2 J=l 



1 



Vf # t (#) ( Vx - r, x+ei ) + V^+e^^Vf JT t (# )0<%,»? s 



Z J = l 



1 d 



Z j=l 



while the error term R = Ry^ e „ satisfies 



C 

sup sup \R(t,r})\ < — 



te[o,T] rj£n N 

for some constant C > depending on T, iJ, g. 



We next choose the family g as the one provided by Lemma [4.41 as usual we denote it 
by g[<5]. Then the super-exponential estimates in Proposition 14.91 together with Remark 
imply the following key result. 
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Proposition 6.2. Fix T > 0, functions E £ C 1 (T d ;R d ) J H £ C^ 2 ([0,T] x T d ), a profile 
7 £ M, a sequence {r] N £ rijv} associated to 7, and let Jhi% be defined as in Lemma \6.1\ 
Then, for each £ > it holds 



limsup -L \ g¥f N N (\jS Am (^) - J Ha {-K N {r,))\ > Q) 

3.aJ.0.K'10.cl0.JVtao ' V ' 



-OO 



54,0, kJ.0, t[oo, aj,0, k'J.0, e4-0, Affoo 

where, for n £ A4, 



[ dt \{n,d t H t ) + (a(n?' a ) [E + V H t ] - D(n?< a ) Vnf' e , VH t ) 
Jo 1 



(6.4) 



Proof. In what follows we write g instead g[<5], understanding the dependence on 5. In order 
to have compact formulae below, it is also convenient to introduce the following notation. 
Given functions Fi,F 2 on [0,T] x fijy depending also on the parameters 8, ',E,C,N, 
we write F\ ~ F2 if for any £ > it holds 



limsup logPjff rdtlF^t^-F^t,^))] >C) 

54.0, «:4.0,£T°°!<40, k'4.0, e4.0, c4.0, JVfoo ^ v K Jo ' 



-00 . 



We use Lemma [6.1 1 and analyze separately the terms J\, J 2 ,Ja- We start by Ji, which 
can be rewritten as 

d 



Consider the expressions Ti, . . . , Ti6, i^i . . . , K5 defined in Section |4~4I where now the func- 
tion ip entering in their definition has to be replaced by H. By the same arguments used to de- 
rive ([4~28]) . it holds J 2 - T 2 + T 9 . s . Due to (|436| and (f4737|) we then get T 9ig - T 10>e ~ Tn !g . 
Hence, we get that J x ~ T 2 + T lltg - Finally, by (j4~29]) and ([3~H]) . we get 

.Tift 77) ~ -T 12 (t,r]) ~ -T 16 (t, V ). (6.5) 

We now analyze the term J2- Due to Definition 14.11 of good function, in the expression 
of J2 given in Lemma l6.1l we can restrict the sum over z to the set {z : \z — x\ < (C + £)}, 
where the constant C > is such that the functions g^\-,p) have support inside Ac for all 
i = 1, . . . , d and p £ [0, 1]. As a consequence, in J 2 we can first replace discrete gradients 
by partial derivatives, afterwards we can replace djH t (z/N) by djH t (x/N) with an error 
0(£/N), Moreover, similarly to (|4.34[) . we can replace V XiX+ei with V* x+e .- At this point, 
by the one block estimate and (14.32[) . we get 



j 2 (t, rj) ~ \ Av^^(f ) WAS) H.* KJO (Co - CeJ 2 ] 

i=l 
1 d d 

+ o Av EE E '(f)^(f) ^Ke.(0 (Co - Ci)vs jetg W(c, w)] 



i=i j=i 



Recall the discussion of the CLTV in Section I4.31 in particular the definitions of the inner 
product < •, • > p and of the orthogonal projector P. By (|4.10p . (|4.11|) . and Lemma FOl we 
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then get 

d d 

J 2 (t, v ) ~ Av(^^(f )i 0>ei , JSifl^) [jo^ + LlgW^P)] 

i=l i=l 
~ Av ( J] )jO,e 4 , ^P t (^) PjO,e" 



In view of (|4J8|) . we deduce that J 2 (t, 77) - Av x E(x/N) ■ a(fj Xti )VH t (x/N). Applying the 
two blocks estimate and afterwards making a uniform estimate, we conclude that 

J 2 (t, v ) ~ Av£(§) • a(n N (r,r< a (§)) Vff t (f ) ~ (E , a (*»(?,)">*) VH t ) . (6.6) 

We finally consider J3. As done for J 2 , we can replace discrete gradients by partial 
derivatives, afterwards we can replace djH t (z/N) by djH t (x/N), and finally V XjX + ei by 
V* x+e .. Then, by the one block estimate together with (|4.32j) and (|4.33p , we can write 



j 3 (t, v ) ~ \ Av f H ^ [4 t jo (Co - CeJ 2 ] 

i=l 
d d 

+ ^EE^(f)Wf) [cg je< (0 (Co - CeJ V5 >et £«)(C, W)] 

i=l J=l 

1 d d d 

+ 2 A ;EEE ) ) (0 V o, ei 5 (j) (C, Vj, ei£ « (C, ^)] 

1=1 j=l k=l 



J 3 (t, rj) ~ Av V^.. £ X! ) [i. + L off (i) 0, P) 

^ i=l 



Recalling that < /, / > p = V p (f), from the identities (|4.10p . (|4.1ip . (|4.14|) . and Lemma [4T4l 
we deduce 



(6.7) 



Then, by (I4J81) . we get J 3 (i, 77) ~ Av x VH t (x/N) ■ a(fj Xt t)VH t (x/N). As in the derivation 
(16.61) we then conclude 



J 3 (t,r,) ~ Av Vff t (f ) • a^r?)^ (x/A)) Vff*(# ) ~ (Vtf* , a(it N (r,T< a ) VH t ) . (6.8) 
The thesis now follows combining Lemma 16.11 (16.51) , (|6.6[) , and (16.81) . □ 



Conclusion. Recall the definitions of the set JA a ' n in (|5.7[) and of the functional J# j7 in 
(|6.4[) . Let Jjj™ : — >• [0, +00] be the functional defined by 



I +00 otherwise. 

Note that, even if not explicitly indicated in the notation, the functional J^'™ depends also 
on the parameters K,a,n',e. 
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Lemma 6.3. Fix T > 0, a vector field E £ C 1 (T d ;M d ) 7 a profile 7 € M, and a sequence 
{r] N E £In} associated to 7. For each H E C 1,2 ([0,T] x T d ) and each measurable set B C A4 
it holds 

limsup — \ogV^ N (B) < - inf J^(tt) V i^™ a ,«',e » 

w/iere 

limsup R%i,a,K',E = • 

atoo, Wfoo, kJ.0, ^foo, a4-0, k'J.0, ej.0 

Proof. Recall Proposition and, given C > 0, let £#(C) C D([0,T];Ojv) be the set 

S#(0 :={ieo([o,r];fe) : I^W?) - Jh^ n (v))\ < C} ■ 

Given the measurable set B C At, set also 

B#(0 ^{r/G^dCT];^) : tt n (rj) E B P\ M. a ' n } (1 (C) • 
Then, by Proposition 16.21 and Corollarv l5.4[ for each ( > 



limsup * logP^(^(C) C ) - -oo . 

On the other hand, recalling £ (t) in (|6.3p is a positive mean one martingale with respect to 
the probability and £{T) = exp{iV d jg Ag }, 

F^«(0) = E^(f (T) exp { - m } I flg(c) ) < sup exp { - 7V d [J^(7r) - C] } . 

The statement is a straightforward consequence of the above bounds. □ 

Proof of Theorem the upper bound. In view of the exponential tightness of the sequence 
{V^A N }, it is enough to prove the bound (|3.14l) for compact sets. Observe that, for each 
H E C 1,2 ([0,T] x T d ), the functional is lower semicontinuous on M.. From Lemma [B~3l 
and the min-max lemma in [201 App. 2, Lemma 3.3] we deduce that for each compact K, C M. 

limsup — 3 logP £ /(K) < - inf sup { ^'"(tt) A ( - } • 

In view of Lemma |6~31 and the variational definition (|3.10[) of the rate function, the proof of 
(I3.14[) is now completed by taking the limits e | 0, k' | 0, a | 0, ^ | °°i K I 0, n | 00, a t 00, 
and finally optimizing over H, see [9j § 3.3] for more details. □ 

6.2. Lower bound. The following is a general result concerning the large deviation lower 
bound. Its proof is elementary, see [HI Prop. 4.1]. Given two probability measures P and 
Q we denote by Ent(Q|P) = J dQ log the relative entropy of Q with respect to P. 

Lemma 6.4. Let {P n } be a sequence of probability measures on a Polish space X and 
X° C X. Assume that for each x E X° there exists a sequence of probability measures {Q^} 
which converges weakly to S x and such that 

limsup -Ent(Q*|P„) < I°(x) , (6.10) 
n n 

for some function 1° : X° —> [0, +00]. Then {P n } satisfies the large deviation lower bound 
with rate function I : X [0, +00] given by 

I(x)= sup inf I°(y), (6.11) 
ogAf, yeonx" 

where M x denotes the collection of open neighborhoods of x. 
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Let I : X — > [0, +00] be the functional defined by 

(l°(x) \fxeX c 



I(x) 



-00 otherwise. 



Then the functional / in (|6.11[) is the lower semicontinuous envelope of I, i.e. the largest lower 
semicontinuous functional below I. As simple to show, the condition that a large deviation 
rate function is lower semicontinuous is not restrictive. More precisely, if a sequence of 
probabilities satisfies the large deviation lower bound for some rate function /, then the 
lower bound still holds with the lower semicontinuous envelope of I. The previous lemma is 
therefore stating that the entropy bound (|6.10|) implies the large deviation lower bound. 

We are going to use Lemma \6 . 41 with X° given by the collection of some "nice" paths in 
AL For such paths we can prove the bound (|6. 10[) with 1° given by the restriction of the 
functional defined in (|3.10p . To conclude the proof of the lower bound (|3. 15|) we then 

need to show the functional I in (|6.11l) coincides with the functional on the whole 

space AL We start by defining precisely what we mean by "nice" paths. We basically require 
that 7r is a smooth function bounded away from zero and one. However, as J (7^7) < +00 
implies ttq — 7 and 7 6 Mis not necessary smooth and bounded away from zero and one, 
we shall require that n solves the hydrodynamic equation (|3.7I) in some time interval [0, r) 
and 7r is smooth only on [r, T] x T d . 

Definition 6.5. Given T > and 7 £ A/, let Af° be the collection of the paths n £ M, 
called nice paths, satisfying the following conditions: 

(i) the map (0,T] x T d 3 (t,r) 1— > 7r t (r) is continuous; 

(ii) for each S G (0, T] there exists e > such that e < tt < 1 - e in [S, T] x T d ; 

(iii) there exists t = t t £ (0, T] such that in the time interval [0, r) the path n satisfies 
the energy estimate and solves (|3.7p while in the time interval [r, T] the map (i, r) i-> 
7T t (r) is in C 1 ' 2 {[t,T\ x T d ). 

Observe that if 7r belongs to Ai° then 7r t — > 7 in M as 1 1 0. Moreover, nice paths trivially 
satisfy the energy estimate (13. 6[) . 



Lower bound for nice paths. Fix 7 6 M, a sequence {r/ N £ associated to 7, and a nice 
path n £ M°. Given t £ [r n , T), regard the first equation in p,13|) as a Poisson equation for 
^ 7j7r . In view of Assumption l3Tl item (ii) in Definition 16.51 and the bounds (|3.3|) . (|3.4p . the 
symmetric matrix o~(n) is uniformly elliptic and continuously differentiable. Since n belongs 
to C 1 ' 2 ([T 7r ,T] x T d ), by elliptic regularity, we can solve this equation and get a function, 
denoted by H = H^, which belongs to C 1 ' 2 ([t 7T , T] x T d ). We understand that for t = t„ 
the time derivative d t ir stands for the right derivative. We finally extend if to a piecewise 
smooth function on [0, T] x T d by setting H = on [0, tv) x T d . We remark that H can be 
discontinuous at t^. In any case, H belongs to 'H 1 ((7(7r)) and therefore, by (|3.12[) , 

/(7T| 7 ) = J dt (VH t , <7(7T t )V#t) . (6.12) 



Recall the exponential martingale introduced in (|6.3|) and let, for the function H = 
constructed above, P^' E ' 7r be the probability measures on -D([0, T]\ fijv) defined by 

dP^ E '*=£l As[s] (T)dF^ E , (6.13) 

where g[<5] is the family of good functions provided by Lemma B~4l Observe that the measures 
and P^^r are equal if restricted to the time interval [0, tv). 
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As we next show, the sequence {P^N E ' 7r o (ir 1 ^)^ 1 } fulfils the requirements in Lemma [6741 

By e.g. [20l App. 1, Prop. 7.3], the probability P^v E ' 7r restricted to the time interval [t,T] 

is the distribution of the perturbed Kawasaki dynamics with rates Cx'y H ' S ^ S \ see (|4.25[) . 
The construction of the function H and the hydrodynamic limit of the perturbed Kawasaki 
dynamics stated in Theorem 15.11 (applied with H = 0, g = in the time interval [0,7V) 
and with H = H^, g = g[<5] in the time interval [tv,T]) then imply that the sequence 



consequence of the next statement 



{P^ji ,7r o (71"^) x } converges weakly to 8„. The entropic bound (|6.10[) is an immediate 



Proposition 6.6. Fix T > 0, a vector field E G C 1 (T d ;m d ) ) a profile 7 G M, a sequence 



{rj N 6 Qn}, a nice path it € A4° and let P^ r E,lr be the probability measures on D([0, T]; fijv) 
constructed above. Then 



limsup -L Ent(P^|P^/) < /(tt| 7 ) . 

54.0,^00, Afoo ^ V 

We premise an elementary lemma on perturbations of Markov chains. 

Lemma 6.7. Let X be a continuous time Markov chain on a finite state space E with 
generator Lf{i) — Ci,j[f{j) — /(*)] and, given T > 0, denote by Pi its law in the time 
interval [0,T] starting from i £ E. Fix a function F : [0, T] x E — > R, consider the time 
inhomogeneous Markov chain with generator L F f{i) — . c i,j ex P{F{t> j) — F(t, i)} [f(j) — 
/(£)], and denote by Pf its law in the time interval [0,T] starting from i G E. Then 



Ent(Pf |Pj) =Ef / dtS(t,X(t)), 
Jo 

where E^ is the expectation with respect to ¥ F and 

S(t,i) =J2^J e F ^- F ^ {e-W^- 1 *^ - l + F(t,j) ~ F(t,i)} . 



■j 



Proof. From the explicit expression of the Radon-Nikodym derivative in 20, App. 1, Prop. 
7.3] we deduce 



EntfPf P, ) = Ef 



T 



F(T,X(T))-F(0,X(0))- / dte- F( - t ' X ^\d t +L)e F ^ x< - t) 



By using that F(t, X(t))-F(0, X(0))-f*ds (d s +L F )F(s, X(s)) is a Pf martingale, straight- 
forward computations yield the result. □ 



Proof of Provosition W7B\ Set r := tv. By definition (|6.13[) . see also (|6.3p . and Lemma 16.71 
a Taylor expansion of the exponential yields 

1 fT 

limsup — Ent(Pf/' 7r | F*f) = limsup E^ B ' W / dt J 3 (t, V (t)) , 

where J3 is defined in Lemma 16. II In the sequel we shall make use of the super-exponential 
estimates in Proposition 14.91 together with Remark 14.61 keeping the family g[8] fixed. In 
particular, the first super-exponential equivalence in (|6.7j) holds also with respect to the 
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measure P^ E '*'. Since the function J3 is bounded uniformly in N and £, we deduce 



lim sup — — y Ent , _ 



N,E,ir\-m,N,E\ 

N \^ n N ) 



= lim sup E 



N.E.-k 



dt Av^^ (t) ( £># t (#) k„ + LSff W [<5](-,Mt)) 



In view of the two blocks estimate, we can replace above r\ x ^ with tt n (n) K ' a (x/N). Recalling 
that the family g[S] is still kept fixed, the hydrodynamic limit in Theorem 15.11 yields 



lim sup —7 Ent , _ 



N,E,n\ v N,E 



,1\,E\ 

n N ) 



= I dt I drV p= ^ {r) 



5>ff,(r) \j° Q , ei +LlgM[S\(.X' a (r)) 



i=l 



where lim sup K 1 0) a , ( K ^ a = 0. In view of the identities (|4.10[) . (14. 1 1[) . (|4.14p . and Lemma FOI 
by taking the limits a 1 0, K 1 0, and finally S I we get 



lim sup ^Ent(PWP$ B ) 



jf dt(VH t ,a(7T t )VH t 



which, recalling (|6.12p . concludes the proof. 



□ 



Conclusion. We here conclude the proof of the lower bound (|3.15[) by showing how to ap- 
proximate arbitrary paths in M. by nice ones. To this end we need a suitable a priori 
estimate. Let xo '■ [0, 1] —> K+ be defined by Xo(p) = p(^ — p) an d recall the bound (|2.8[) . 
Let Q : A4 — > [0, +00] be the functional defined by 

C(tt) := sup {Q f (tt) , F € ^([O.T] x T d ;R d )} , 

where, given F e (^([O.T] x T d ;M d ), 

Q f (tt):=-2 [ dt(n t ,V-F t )- [ dt (F t , Xo(n)F t ) . 
Jo Jo 

By the concavity of xo> the functional Q is lower semicontinuous. Recalling (|5.6I) . we note 
that Q(ir) < Q(tt). We next show that the Q can be bounded by the rate function J(-|7). 

Lemma 6.8. Fix T > and a vector field E G C X ([Q,T] x T d ;M d ). T/iere exists a constant 
Cq = Cq (T, E) such that for any 7 € M and n e M. 

Q(7r)<C [/(7r| 7 ) + l]. 

Proof. We can assume I(tt\j) < +00. We first observe that in such a case the linear 
functional f 7 Tr in (|3.9j) can be extended to a linear functional on Ti 1 (a (it)) and the supremum 
in ()3.10j) can be taken over all H e 'H 1 ((j(tt)). Pick a positive function <j> e C 2 (M) uniformly 
convex and such that for any p e [0, 1] we have 4>"(p) < (l/2)x(y°) _1 - Since it satisfies the 
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energy estimate, the function H = 4>'{ir) is a legal test function in (|3.10[) . We deduce 

7(tt| 7 ) > V^'W) - / dt (V^(7r t ),a(7r t )V0'(7r t )) 
Jo 

dr [<f){-K T (r)) - 0(7r o (r))] 

(a(n)E - ^(vr t )V7r f , <j/'(n t )Vn t ) + (<t>" \n t )V n t , a(nW ^t)^t) 



T 

- I dt 







Whence, recalling 7? = ax 1 and the bounds (|2.8[) . (|3.3[) , by Schwarz inequality we deduce 
there exists a > and a real C a such that 

a { dt(V7r t ,(t>"(7rt)Vir t ) < 7(7r| 7 ) + [ dr 0{ir o {r)) + C a [ dt (E, tr(* t )E) . 



Since Q(7r) = J^di (xo^t)^ 71 "*! ^^t), the proof is now completed optimizing over <f). □ 

In view of Lemma l6.8[ the following proposition can be proven by adapting the arguments 
given in § 6] or in 9 , § 5] . 

Proposition 6.9. Fix T > 0, a vector field E £ C 1 (T d ;R d ) > and 7 £ M. The func- 
tional /(-|7) : Ai —> [0, +00] has compact level sets, in particular is lower semicontinuous. 
Moreover, for each n £ M. such that 7(7r| 7 ) < +00 there exists a sequence of nice paths 
{tt"} C M° such that tt™ -> tt in M and /(tt™^) -> 

Proof of Theorem \3.S[ the lower bound. We apply Lemma 16.41 with X° given hy M.° and 
choose the perturbation as discussed above. In view of Proposition 16. 6[ the bound (|6.10|) 
holds with 1° given by the restriction to Ai° of 7(-| 7 ). Finally, Proposition 16.91 implies that 
the functional in (|6.11[) coincides with 7(-| 7 ). □ 

7. The quasi-potential 

In this section we analyze the variational problems f|3 . 19[) and (|3 . 23[) defining the quasi- 
potential and prove Theorem 13.51 Throughout this section we assume that the vector field 
E is orthogonally decomposable, recall Definition 13.41 without further mention. We shall 
only discuss the case in which assumption (iii) in Theorem 13.51 holds; the other two cases 
are actually simpler and the corresponding details are omitted. We will first consider the 
problem (|3.23[) and show that it admits a unique minimizer which is explicitly characterized. 
From this we then deduce Vf = J 7 ^ . Finally, we prove the identity = . The 
characterization of the minimizer will be achieved by exploiting a time reversal duality 
analogous to the one in [16l Thm. 4.3.1] and the convergence, as t — > +00, of the solution 
to (|3.24p to a stationary solution 7^, p £ [0, 1]. 

Time reversal duality. Given T £ (0, +00], we introduce the time reversal 9 : M[-t,o] ~^ 
A4[o,t] as follows. For tt £ M[-t,o] we set (^ 7r )t '■— ^-t for any t £ [0,T] such that —t is a 
continuity point of tt. This defines the values of 9tt apart a countable subset of [0,T] where 
the values of 6tt are determined by imposing that 9ir £ A1[o,t]- For the next result, recall 
(|3.2ip and (|3.22[t . Moreover, for tt £ M[ , +oo) set 7jf +oo) (tt) := lim T _> +00 7^ t] (tt) . 

Theorem 7.1. Fix p £ [0, 1]. For each n £ A4(_oo.o] (p) it holds 
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Of course, the identity ()7.1j) means that either both sides are inhnite or both sides are finite 
and the respective values coincides. In order to prove this result, we need to introduce some 
more notation. The norms in L 2 (T d ,dr) and in the standard Sobolev space W 1,2 (T d : dr) 
are respectively denoted by || • ||^2 and || • ||vk 12 - Fix T\ < T^, By choosing a test function 
independent on the space variable, we easily deduce that T i (it) < +00 implies that 
the total mass fdrir t (r) is constant in time. Given p e [0,1], we then set M.[T lt T 2 ]{p) ■— 
D([T 1 ,T 2 ];M(p)), recall ([3351) . Let also M° [TlT dp) C M [Ti ,t 2 ](p) be the collection of 
paths 7r e .MrriM satisfying the following conditions: (i) there exists e > such that 
e < 7T < 1 - s, (iij the map [T 1 ,T 2 ] xT^ 7r t (r) belongs to C 1 ' 2 ([T 1 ,T 2 ] x T d ). Note that if 
7r e M°_ T0 Ap) then 9ir G M^ T ](/5). Given 7 e M, we denote by M.° Ti T ^ the collection 
of nice paths, as in Definition 16.51 in M^^]- We observe that if n belongs to M.° Ti T Ap) 
for some p £ [0, 1] then the linear functional t r in p.20p can be rewritten as 

1%(H) = I 'dt (d t ir t + V • [a(n) E - D{n t ) Vtt*] , H t ) , (7.2) 

where we included in the notation also the dependence on the driving field E. 

The next elementary result will be the key point in the proof of Theorem 17.11 Recall 
flOg) and, given p e (0, 1), let g p : T d x [0, 1] — >■ R be the function defined by 

g p (r,p) := §- p f?(r,p) = f(p) - f{lp{r)) . (7.3) 

Lemma 7.2. fix p e (0, 1) and p G C 2 (T d ; (0, 1)). Let G = G p : T d -> K &e t/ie function 
defined by G(r) := gp{r,p{r)). Then 

(V • [a(p) E - ^D(p)Vp] , G) - <VG, <r(p)VG) = . 

Remark 7.3. Recall that the vector field E satisfies (|3 . 1 6|) . The statement of Lemma [7.21 
does not depend on the divergenceless part E, in particular it holds also if E is replaced by 
the vector field -VU - E. 

Proof. By the definition of G and (|3.17[) . 

VG(r) = f"(p(r)) Vp(r) - f"{lp{r)) V lp {r) - f"(p{r)) Vp(r) + Vtf(r) . 

Recalling (|2.7p . p.5p . and that we assumed cr to be a multiple of the identity, the statement 
of the lemma is therefore equivalent to 

(a(p) E + a(p) VU , f"(p) Vp + VU) = . 

Recall that E = —VU + E. Using again (|2.7[) and (|3.5I) . the above equation holds if and 
only if 

(E, D(p)Vp) + (a(p)E, VU}=0. 



Since D is also a multiple of the identity, the first term above vanishes because E is diver- 
genceless. Finally, as we assumed E(r) ■ Vf/(r) = for any r £ T d , also the second term 
above vanishes. □ 
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Lemma 7.4. Fix p G (0,1) and T > 0. For each H G G^-T.O] x T d ) and each tt G 
A^°_ T 0] (p) it ZioZds (Veca/Z (|7T2"j) ) 



-VU+E 



(if) - / dt{VH u a{n t )VH t ) 

J-T 

Jo 

where H = H t (r) is given by 

H = H — [/'(tt) - /'( 7 ,-)] . (7.5) 

Proof. The proof follows by a direct computation. Like in Lemma T7. 2 1 we call G : [— T, 0] x 
T d -> M the function G t (r) := /' (7r t (r)) - f'(jp(r)). We start from the left hand side of 
(|7.4p and add and subtract £~ VU+E (G). We obtain the sum of three terms: the first one is 

r° 

/ dt (d t TT t + V • [<7(7r t ) (-VU + E) - D(n t ) V7r t ] , H t - G t ) 

J-T 

dt(VH t ,a(n t )VH t ) + / (VG t , a(^) VG t ) , 

-T J-T 



(7.6) 



the second one is 



and the third one is 



dt (d t n t ,G t ) = J* (ttq) - J£ (tt_ t ) , (7.7) 



dt (V • [a(n) (-VC/ + £) - D(7rt) Vtt*] ,G t )- dt (VG t , a(vr t ) VG t ) . (7.; 

-T J-T 



From Lemma 17.21 it immediately follows that this last term vanishes. 

We now elaborate the first term ()7.6j) . Using (|7.5|) . i.e. H = H — G, and performing an 
integration by parts, it can be rewritten as 



/ dt (d t TT t + V ■ [a{ir t ) (-VJ7 + £) - D(7r t ) Vtt*] , ff t ) 

J-T 

dt(VH t ,<r(n t )VH t )+2 / (V • [a{-K t )WG t ] , fit) 

-T J-T 



(7.9) 



From the Einstein relation (|3?5|) and (|3.17|) we obtain g(tt) VG = D(7r) V7r + cr(7r) VJ7 which, 
inserted into f|T.9[) . gives 

/o /.O 
dt(8tnt+V-[v{*t)(VU + E)+D(irt)Vn],Ht)- / dt(VH u a{Tx t )VH t ) . 
-T J-T 

Performing a change of variable in the time integral and adding (|T. T[) we obtain the right 
hand side of d7~4l). □ 



From Lemma 17.41 we deduce the time reversal duality for bounded intervals. 
Lemma 7.5. Fix p G [0, 1] and T > 0. For each tt G .A4[-t,o](p) ^ Zio/ds 
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Proof. Since the statement is trivial when p = or p = 1, we can assume p £ (0,1). 
Consider first the case ir £ -M^_ T i (/?); then the correspondence H «-» —6H, see (|7.5j) . define 
a bijection between C^Q-l^O] x T d ) and C^^T] x T d ). From dZHJ) we deduce 



t-VU+E,\ 
7 [-T.0l W 



-T,0] 



sup{i£ w+ *(ff) - J dt{VH t ,<r(n t )VH t )} 



T 

T 



= ^( 7ro )-^( 7r _ T ) + SU p{£- v ^(-^)- / di<V(0/f) t) a((07r) t )V(0#) t )} 

= (tto) - ^(tt-t) + / [0 ^^(^) . 

Consider now an arbitrary path 7r € M-[-t.o]{p) such that IP y (tt) < +oo. By Propo- 
sition [102 there exists a sequence {n n } C -MJLto] tt t sucn * na * 7r " — ^ n m ^[—t,o] an d 

A"™^ 71 "*) / [-T!o] f£; ( 7r ); in Particular {tt 11 } C A^[_ t ,o](p)- Let r" > be the time such 
that 7r™ solves (|3.7[) in the time interval [— T, —T + t"]. From the result for nice paths we 
deduce that for each n 

where the second identity follows from the fact that the restriction of 7r™ to the time interval 
[— T + t",0] belongs to M?_ T+T „ Ap)- It is easy to see that we can always choose n n in 
such a way that lim„ r™ = 0. This implies that lim„ ||7r" T+r „ — tt-t\\l 2 = 0. Since J-^ 
is continuous with respect to the L 2 topology, we get lim„ J r ^(7r™ T+T „) = ^(it-t)- By 

using the lower semicontinuity of Tp on M and of I7^~ E on M.[o,t], from (|7.1ip we then 
deduce that for each S £ (0,T) it holds 



Observing that 9ir is necessarily continuous, we can take the limit SfT and deduce 



The proof is now completed by exchanging the roles of 7r and #7r. □ 



Recall that the set M-(-cafi}{p) nas been defined in (|3.21j) by requiring that 7Tj — > 7p in 
M as t — > — oo. The next lemma states that if iF^ ]( 7r ) < +°° the above convergence 
actually takes place also with respect to the L 2 topology. The proof, which is omitted, is 
achieved by repeating the arguments of [7j Lemma 5.2] in the present setting. 

Lemma 7.6. Fix p £ [0,1] and a path tt £ ■M.(—oo,o](p) such that -f^_ 00 o]( 7r ) < +oo. 
Then lim t _>_oo 1 1 ?r t — 7^11^2 = 0. Moreover, there exists a sequence T n — > — oo such that 
limn^oo \\ir Tn - 7p||yi/i,2 = 0. 

Proof of Theorem [777} Consider first tt £ M^oo^ip) such that I7_^o] E (tt) < +oo. From 
Lemma T7.6I and the continuity of in L 2 we deduce limT->+oo ^pi^-T) — 0. Therefore, 
([7T]) follows from (|7T0|) by taking the limit T -> +oo. In particular if 17™^ (tt) < +oo 

then also +^) B (^ 7r ) < +oo. The proof is now completed by exchanging the roles of tt 
and 9tt. □ 
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Convergence to a stationary solution. We next discuss the asymptotic behavior of the solu- 
tions to the equation (I3.24[) . Observe that, since VE/(r) ■ E(r) — for any r £ T d , for each 
p £ [0, 1] the function 7p defined in (|3.17p is also a stationary solution to p. 241) . While the 
following result is stated for the equation (|3.24[) , it holds also for the hydrodynamic equation 
(13.71) . As we need to emphasize the dependence on the initial condition, given p £ M, we 
denote by Vt(p) = Vt(r; p) the solution to (|3.24l) with initial condition p. 

Theorem 7.7. Fix p £ [0, 1] and let v t {p) be the solution to (|3.24|) . Then, 

lim sup \\v t (p) -Tsllra = 0. 
*^+°° peM(p) 

Moreover, for each p £ M(p) there exists a sequence T n — > +oo such that lim n _ ! . 00 ||^T„(p) — 
7pllw 12 = 0. 

The proof of this result will be achieved by showing that is a Lyapunov functional 
for the flow defined by (I3.24[) and using comparison arguments. 

Lemma 7.8. // < p 1 < p 2 < 1 then < jp 1 < 7p 2 < 1- Moreover, if p | 1 or p I then 
7p t 1 or 7p I 0, respectively. 

Proof. Recall that /' : (0, 1) — > E is strictly increasing and denote by (/') 1 : K — > (0, 1) its 
inverse. Then the map p t— > a(p) in (13.17P is defined by requiring 

f dr(f')- 1 (-U(r) + a(p))=p. 

In particular, since (/') is strictly increasing, the map p H > a(p) is strictly increasing. 
Again by the strict monotonicity of (f)^ 1 , the first statement follows. To prove the second, 
it is enough to notice that if p j" 1, respectively p j 0, then a(p) t +oo, respectively 
a{p) i — co. □ 

Lemma 7.9. Let v : [0, +oo) x T d — > [0, 1] be the solution to (|3.24l) and assume there exist 
< p 1 < p 2 < 1 such that jp 1 < p < 7p, 3 . Then for any t > we have jp < Vt (p) < 7p 2 . 

Proof. By classical results for uniformly parabolic equation, v is smooth on (0, +00) x T d . 
Let w : [0, +00) x T d — > [0, 1] be defined by w t {r) := 7^(7-) — v t (r; p) and observe that, by 
hypotheses, wq < 0. Recall the bounds (|2.8|) . Q3.3p . (|3.4|) . definition p.5p . and that tr is a 
multiple of the identity. Since 7^ is a stationary solution to p.24p . it is simple to check 
that w solves the linear parabolic equation 

dtW = a Aw + b ■ Vw + cw , 

for some continuous functions a,b,c on [0, +00) x T d . Moreover, a is uniformly positive on 
[0, +00) x T d . By Theorem 3.7 and the Remark (ii) following it in [24] we then deduce 
wt < for any t > 0. The inequality vt(p) < 7p 2 is proven by the same argument. □ 

Lemma 7.10. Fix p € (0, 1). For each to > there exists 6 £ (0, 1/2) such that for any 
t > to and any p £ M(p) it holds 5 < «t(p) < 1 — S. 

Proof. Let p £ M and consider a sequence {p n } C M converging to p in M. By stan- 
dard parabolic regularity, for each t > the sequence of functions on T d given by v t (-\p n ) 
converges uniformly to vt(-;p). Set 

S :=ini{v to (r;p), r £ T d , p £ M(p)} . 

By the compactness of M{p) and the above continuity, there exists p* £ M(p) such that 
80 = inf {v to (r;p*) , r £ T d }. Since p* is not identically equal to zero, by applying Theorem 
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3.7 and the Remark (ii) following it in [21], we deduce 5q > 0. By Lemma \7li\ there exists 
p 1 G (0, 1) such that 7^ < So- Setting 5 := m.in{'jp 1 (r) , r G T d } and using Lemma FT91 we 
deduce that for any t > to we have Vt(p) > 7p 1 > <5. 

The uniform upper bound is proven by the same argument. □ 

Proof of Theorem \ 7. 7[ Since the statement is trivial when p = or p = 1, we assume 
p G (0, 1). Recall that the functional Fp : M [0, +00) has been defined in (|3.25j) . In view 
of the uniform convexity of the free energy /, it is simple to show that for each p G (0,1) the 
functional Fp (■) is equivalent to | • — lp\\-z- Namely, there exists a constant Co = Co(p) > 
such that for any 7 G M (p) we have 

)rh-lp\^ L2 <^{l)<Co\\i-ipf L2 . (7.12) 

By parabolic regularity, the function v(p) is smooth on (0, +00) x T d . Using Remark 17.31 
we then deduce that for t > it holds 

J^piyM) = -< VG * ' VG t ) , (7.13) 

where, recalling (|7.3[) . G is the function defined by G t (r) — gp(r; v t (r; p)) . In particular, 
is a Lyapunov functional for both the flows defined by p. 241) and (13.71) . Given e > set 

A s := {jeM(p) : ^(7) <e} 

and let r e (p) := inf{£ > : v t (p) £ A £ } e [0, +00]. In view of (|7T2|) and (f77T3|) . the proof of 
the theorem is completed once we show that for each e > the hitting time r e {p) is bounded 
uniformly for p G M{p). 

Given p <E (0, 1) and 5 € (0, 1/2) set 

M 5 (p) := {7 € L 2 (T d , dr) , 5 < 7 < 1 - 8, J drj{r) = p) , 

which is a closed subset of L 2 (T d , dr) that we consider endowed with the relative topology. 
Fix to > and observe that if we choose 5 as in Lemma 17.101 then this lemma implies that 
v t (p) € Ms(p) for any t > t and p € M(p). Moreover, the functional J 7 ^ is continuous on 
M s {p). Given 7 G M 5 (p) let G 7 : T d -> R be the function defined by G 7 (r) = g p {r^{r)). 
Let also 7?.^ : M$(p) — > [0, +00] be the lower semicontinuous functional defined by 

^(7) := sup { - 2(V • F , G 7 ) - (F, F) } , 

F 

where the supremum is carried out over all F G C 1 (T d ;R d ). If 1Zp{-y) < +00 then G 7 
belongs to the Sobolev space W 1,2 (T d , dr) and ^(7) = (VG 7 ,VG 7 ). In particular, by 
Sobolev embedding and elementary estimates, the functional TZp has compact level sets. It 
is finally straightforward to check that 7tp(j) — if and only if 7 = ■yp. Recalling (|7.12p . we 
deduce that for each e > and S > 

c £ := inf {TZpij) , 7 G M s {p) \ A e } > 0. 

Given i > 0, let S G (0,1/2) be as in Lemma [7.101 and set m = mm{a(u), 6 < u < 
1 — 6} > 0. Set also K = sup{J r ^ / (7), 7 G Af(p)} < +00. We are now ready to conclude the 
proof. If T £ (p) < to there is nothing to prove, otherwise, in view of Lemma 17.101 and (|7.13|) . 
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we deduce that for each e > 0, p € M(p), and t > t 

/■tATe(p) 

# > ^(vt (p)) =J?{vtAT.(p)0>)) + / ds{VG Sl a(v s (p))VG s ) 

Jt 

rtr\T e (p) 

> ml dsUp(v s (p)) >mc £ \t A r e (p) - t ] . 

By taking the limit 1 1 +00, the previous bound yields sup{r e (p), p G M(p)} < +00. 

It remains to prove the second statement. By the regularity and uniform convexity of the 
free energy /, it is simple to check that for each p £ (0, 1) and S € (0, 1/2) there exists a 
real C\ — C\ (p, 5) such that for any 7 E Ms (p) 

h - Tp|| W i,2 < Ci [^(7) + ||t - TpILs] ■ 

Fix to > and let 5 as in Lemma \7. 101 From (17.131) we deduce that for any p g M(p) and 
any t > to 

Jf(yt(j>))+m f dsU- p {v s {p)) < ^K(p)) < K. 

In particular, there exists a sequence T n — > +00 such that TZp(vT n (p)) — > 0. □ 

Conclusion. We next conclude the proof of the identity between the quasi-potential and the 
functional Fp and the characterization of the minimizer for (|3.23p . 

Proof of TheoremWlk the identity Vp = Fp 1 . Given p £ [0,1] and p € M(p), let 7r e 
■M(-oo,o] (p) be such that 7To = p. From Theorem 17. II we get 

'(-IT W - ^(P) + ^JS S (ftr) ■ (7-14) 

Since /[o,+^ S > 0. we deduce 7 (~™of ( 7r ) ^ ^(p)- The lower bound 0°) ^ ^ 0°) 
follows. 

Let now v = v (p) : [0, +00) x^-) [0, 1] be the solution to (pOI)) . Theorem O implies 
that t> G A / J[o,+oc)(p) an d therefore 9v G A^-oo.o] (p)- Since Jj~^ _£; (w) = for every T > 0, 
it holds /[o+^ B (w) = 0. Considering (1713) when tt = we get (0v) = Fp{p)- 

Whence (p) < Jf (p) . □ 

Proof of Theorem Iff. 51 characterization of the minimizer. As the previous argument implies 
that #t> is a minimizer for (|3.23|) . it remains only to prove uniqueness. Suppose that 7r* is a 
minimizer for (|3.23[) . By (|7. 14[) . it necessarily holds 1^ V ^ X ^ ) E (On*) = and, by monotonicity, 

this is possible if and only if IZ^~ E (6ir*) = for any T > 0. This is equivalent to say that 
8ir* is a weak solution to (|3.24[) in any time interval [0,T]. Whence tt* = 8v. □ 

Lemma 7.11. Fix p e (0,1) and let 7 e M(p) be such that 8 < 7 < 1 — 6 for some 
S G (0,1/2). Then there exist a constant C = C{5) > 0, a time Tq > 0, and a path 
7T° £ A^[o.t ] such that tTq — 7p, ir^ — 7 and 

J jp,T ]( 7r °l'>p) < C||7-7p|| w i,2 • 

Proof. Elementary computations, see e.g. [JJ Lemma 4.3], show that, by taking T = 1, the 
"straight" path ir t = jt + 7^(1 — t) fulfils the requirements. □ 
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Proof of Theorem\3Jh the identity Vf = Vp . Fix p £ [0, 1] and p G M(p). Recall that 
any path 7r G A1[_t.o] such that j (7r|7p) < +oo satisfies necessarily the condition 
7r_T = 7p. This means that if we extend tt to an element tt G A^-oo^P") by setting 

oo,0] W = ^[-T,0]( 



5ft = 7p for £ e (-co, — T) we then have iF^ i (tt) = oi (^ITp)- This readily implies the 



inequality V*(j>) < Vf(p). 

Since we have already proven that Vp = Fp{p), it is enough to show Vp < Fp. Fix 
p G (0,1). We need to prove the following statement. For each p e M(p) and e > 
there exist a time T > and a path 7r G A4[_j^o] such that tt-t — 7pj To = p, and 
^t,o]W7p) <^{ P )+e. 

Let u(/o) be the solution to (|3.24j) . Given E\ > to be chosen later, by Theorem 17.71 
there exists a time T\ such that ||i>Ti(p) — 7p||w 12 < £i- Set 7 := VTxip), by Lemmata 17. 101 
and 17.111 there exists a time To and a path 7r° G A4[_y 1 _T' ._T' 1 ] such that 7r° Ti _ To = 7^, 
7r°_ Ti = 7, and IP_ Ti _ Tg _ Tl ](7r°|7p) < Ce\. We claim the path tt e A^[_Ti-t ,o] defined by 



tt if t g [-T - Ti, -Ti) 

(6v( P )) t iftG[-T l5 0] 

fulfils the above requirement with T = To + T\. Since tt is continuous, we indeed have 

r-VCZ+E/VU, \ t- VU+E (JH\ n , \ , r- VU+E(n„,\ 
J [-T,0] WT*) = ^[-Tx-To.-Td^ l7p) + i[_ Tl .O] 

< Ce 2 1 +^(p)-^( 1 ) + I^ ] - E (v) < Cel+^(p). 
We conclude the proof choosing e\ small enough. □ 
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